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We consider measure-valued processes X = (X;) that solve the follow-
ing martingale problem: for a given initial measure X, and for all smooth,
compactly supported test functions g,
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Here L (x) is the local time density process associated with X, and M; () isa
martingale with quadratic variation [M (¢)]; = fé X (g02) ds. Such processes
arise as scaling limits of SIR epidemic models. We show that there exist criti-
cal values 6. (d) € (0, co) for dimensions d = 2, 3 such that if & > 0.(d), then
the solution survives forever with positive probability, but if 8 < 6.(d), then
the solution dies out in finite time with probability 1. For d = 1 we prove that
the solution dies out almost surely for all values of 8. We also show that in
dimensions d = 2, 3 the process dies out locally almost surely for any value
of 8; that is, for any compact set K, the process X;(K) = 0 eventually.
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1. Introduction.

1.1. Epidemic models and their continuum limits. The use of stochastic pro-
cesses to model epidemics can be traced to McKendrick (1926) and Kermack and
McKendrick (1927), who proposed a simple continuous-time, mean-field model of
an SIR (for susceptible-infected-removed or susceptible-infected-recovered) epi-
demic. The corresponding discrete-time model [known variously as the Reed-
Frost or the chain-binomial model—see Daley and Gani (1999) for background]
was proposed several years later, in 1928, by Reed and Frost in lectures at Johns
Hopkins University. In these models, an infected individual remains infected for a
certain period of time, during which he/she can transmit the disease to susceptible
individuals, and then recovers, after which he/she is immune to further infection.
Both models are mean-field models: the rate of infection transmission is the same
for all pairs of infected and susceptible members of the population. The Reed-
Frost model is of particular interest not only because of its use in modeling epi-
demics and epidemic-like processes but because of its close relation to the Erdos—
Renyi random graph model. In particular, given a realization of an Erdos—Renyi
graph, whose vertices are marked either S or I, a realization of the Reed—Frost
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process can be obtained by defining 1,,, the infected set at time », to be the set of
all vertices at (graph) distance n from the set /. The union of the connected com-
ponents of the Erdos—Renyi graph that contain vertices in the set I = Iy consists
of all individuals ever infected during the course of the epidemic.

Spatial versions of the above models have a rich history in both the mathe-
matical and biological literature. Bailey (1967) considered a spatial version of the
Reed—Frost model, and Mollison (1977) is a good source of information about a
range of related stochastic spatial models. Cox and Durrett (1988) prove a shape
theorem for a related continuous time/discrete space model in two dimensions
which is clearly similar in spirit to our main theorems below on survival and local
extinction for a continuum model in two and three dimensions.

The SIR models differ qualitatively from SIS and SIRS models, such as the
stochastic logistic model, in that the progress of the epidemic depends on an ex-
haustible resource which is gradually consumed. This leads to interesting critical
behavior, as was discovered by Martin-Lof (1998) and Aldous (1997). Martin-Lof
proved, in particular, that at criticality (when the probability of transmission from
an infected to a susceptible individual is p = p. = 1/N, where N is the size of the
population), then as N — oo, after suitable scaling, the total number of individ-
uals ever infected converges in law to the first passage time of a Wiener process
to a parabolic boundary. Dolgoarshinnykh and Lalley (2006) subsequently showed
that for suitable initial conditions the Kermack—McKendrick epidemic process, af-
ter rescaling, converges weakly as N — oo to a continuous-time process I = (I;)
that satisfies the stochastic differential equation

dl; = (\I; — LR, dt + 1, dW;, where

(1.1)
dR[ - It dt

The proof can easily be adapted to show that the Reed—Frost process has the same
limit. The parameter A € R represents the transmission rate of the disease: it is
related to the infected-susceptible transmission probability p in the Reed—Frost
model by p = 1/N + A/N*3. It is not difficult to see (using well-known facts
about Feller’s diffusion) that for any value of A the process I; defined by (1.1) is
eventually absorbed at 0.

The subject of this paper is a stochastic partial differential analogue of the sys-
tem (1.1) that arises as a scaling limit of a spatial version of the Reed—Frost pro-
cess proposed by Lalley (2009) as a crude model for an epidemic in a geograph-
ically stratified population. In this model, populations of size N (“villages™) are
located at each lattice point of Z¢; the rules of transmission are the same as in the
Reed—Frost model, except that infectious contacts are permitted only for infected-
susceptible pairs in the same or neighboring villages. (The model is described
in more detail in Section 2.2 below.) Large-population (N — o0) limit theorems
for near-critical versions of these spatial SIR processes were proved for d = 1 in
Lalley (2009) and for d = 2, 3 in Lalley and Zheng (2010). The limit processes



240 S.P.LALLEY, E. A. PERKINS AND X. ZHENG

are now continuous finite measure-valued processes X = (X;);>0; for each time ¢,
the random measure X, represents the infected set (more precisely, its distribution
in space), and R; = fé X ds the recovered set. The dynamics of the model are
specified by the following martingale problem. For any Radon measure ;. on R?
and any integrable or nonnegative measurable function ¢ : R? — R, write (¢) or
(i, @) for the integral [ ¢ du. Then for any initial mass distribution X = p and
any test function ¢ € C2(RY),

1 rt t
&w»=uw»+i/xxAde+q/xu@ds
(1.2) 0 0
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Here C g (R9) stands for the space of compactly supported twice differentiable with
continuous second derivative functions on R?, M, (¢) is a continuous martingale
with quadratic variation [M (¢)]; = f(i X ((pz) ds and L;(x) is the Sugitani local
time density process of X, that is, for each ¢t > 0 the function L;(x) is the density
of the occupation measure R;. [Throughout this article, unless otherwise speci-
fied, the martingale M;(¢) in a martingale problem such as (1.2) will be a mar-
tingale relative to the minimal right continuous filtration of the process X, that
is, ]:IX == 0 (X5, s <u)]. Dawson’s Girsanov formula (Section 2.1 below)
implies that on a suitable probability space there exists a solution to (1.2), that
solutions are unique in law, and that the law is absolutely continuous on finite
time intervals with respect to the law of super-Brownian motion; see the definition
below in Section 1.4. However, because the Sugitani local time process L; de-
pends on the entire past of the spatial epidemic X, solutions X will not generally
be Markov [although the vector-valued process (X;, L;) will be]. Henceforth, we
shall call a measure-valued processes X satisfying (1.2) a spatial epidemic process
with transmission rate 6 and initial mass distribution (..

The martingale problem (1.2) is a natural spatial analogue of the stochastic dif-
ferential equation (1.1). In both problems, the key qualitative feature is a “resource
depletion” term: in (1.1), it is the integral fé IR ds, whereas in the martingale
problem (1.2) it is the integral [6 Xs(Lsp)ds. It seems likely that processes X
governed by (1.2)—or similar equations incorporating depletion terms—should
also arise as continuum limits of models for various other physical (combustion),
chemical (reaction—diffusion), and biological processes (foraging) in which there
is an exhaustible resource upon which the process depends. In fact, Mueller and
Tribe (2011) have suggested (see their Remark at the end of Section 6) that they
should also occur as scaling limits of certain stochastic reaction—diffusion systems.

1.2. Main results: Survival. A measure-valued process X survives if X;(1) >
0 for all ¢ > 0; it dies out, or becomes extinct, if X; =0 for large enough ¢. For
processes governed by equation (1.2), the question of whether or not there is sur-
vival or extinction is of fundamental importance. Mueller and Tribe (2011) (see



A PHASE TRANSITION FOR MEASURE-VALUED SIR 241

again the Remark at the end of Section 6) have conjectured that there is a critical
value 6, = 6.(d) € (0, co) for the transmission rate below which extinction is cer-
tain and above which survival has positive probability. Our main result states that
under a mild restriction on the initial measure w this is true in dimensions d = 2
and d = 3, but that in d = 1 extinction is certain at all values of the parameter 6.
The restriction on the initial measure is as follows:

ASSUMPTION 1.1. The measure u has compact support and finite total mass,
and when d =2 or 3, its convolution u * g; with the integrated Gauss kernel

2
e |xX17/2t

t
(13) a0 = [ pwds, where py() = G,

is jointly continuous in (¢, x) € [0, 00) X R,

Theorem 2 of Sugitani (1989) asserts that in dimensions d =2 and d =3 a
super-Brownian motion with initial mass distribution p satisfying Assumption 1.1
has a local time density process L,(x) that is jointly continuous in ¢ > 0 and
x € R?. Since the law of a spatial epidemic X is absolutely continuous relative
to that of super-Brownian motion, spatial epidemics must also have jointly con-
tinuous local time processes in d = 2, 3. In dimension d = 1, the existence and
continuity of the local time process follows from the fact that the state of a super-
Brownian motion at any time ¢ is absolutely continuous with respect to Lebesgue
measure, with a jointly continuous density. Thus, equation (1.2) makes sense in all
dimensions d < 3, and so henceforth we assume that d < 3.

THEOREM 1.2. There exist critical values 6, = 6.(2) >0 and 6. =6,(3) >0
such that the following is true: if d =2 or d =3, and X is a spatial epidemic
process in RY with transmission rate 0 and initial mass distribution | satisfying
Assumption 1.1, then:

(a) if 0 <6, then X dies out almost surely, but
(b) if 0 > 6., then X survives with positive probability.

If X is a spatial epidemic in R' with any transmission rate 6 and any finite initial
mass distribution i, then X dies out almost surely.

Thus, in dimensions 2 and 3 a spatial epidemic can survive if the transmission
rate is sufficiently high. However, since the process feeds on a substrate which is
gradually consumed in infected areas, it is natural to conjecture that the epidemic
should survive in a transient wave which sweeps through space. The following
result partly establishes the validity of this picture.
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THEOREM 1.3. Let X be a spatial epidemic with arbitrary transmission rate
0 € R and initial mass distribution satisfying Assumption 1.1. For any compact set
K C R4, with probability one,

(1.4) X (K)=0 eventually.

Consequently, with probability one the local time L, (x) at any point x is even-
tually constant. Since the local time L, (x) is jointly continuous in its arguments, it
follows that Lo (x) :=lim;_, o L;(x) is finite and continuous in x almost surely.

1.3. Proof strategy and heuristics. The proofs of Theorems 1.2—-1.3 are rather
technical, largely because of difficulties that will arise in carrying out comparison
arguments for measure-valued processes defined by stochastic partial differential
equations in which the entire histories of the solutions (e.g., local time density)
influence the coefficients. However, the ideas behind the results can be explained,
at least roughly, in simple terms. Consider first the assertion of global extinction in
one dimension. If the epidemic process X were to survive with positive probability,
then on this event its total mass X;(1) would diverge to oo, since otherwise the
process would be presented with infinitely many opportunities to become extinct;
see Lemma 2.15. In addition, by a large deviations calculation on a dominating
super-Brownian motion with drift 6 [see Pinsky (1995)], there exists ¢ < oo such
that Supp(X;) C [—ct, ct]? for all large t. Therefore, for d = 1, on the event of
survival and for large ¢, the average value of L;(-) must satisfy

ct t
Qe ' | Lix)dx = Qet) VL = Qct) ! /0 Xs(1)ds — oo.
—ct

If (1.2) were valid for the function ¢ =1 (it is only assumed for compactly sup-
ported functions), then it would follow that for large ¢ the drift term in (1.2) for
the total mass X;(1) would eventually turn (very) negative, making it impossible
for X;(1) to remain positive. The formal proof in Section 4.3 makes this heuristic
argument precise.

A local variation of this argument (which is harder to justify rigorously—see
Section 7) explains the strong local extinction asserted in Theorem 1.3. We will
show that in order for X;(K) > 0 to occur at indefinitely large times, for some
ball B centered at the origin, it must be the case that X;(3B) integrates to oo.
This, however, would imply that the local time in 2B \ B would grow indefinitely,
eventually making the drift in the equation (1.2) for X;(B) negative.

A different line of argument makes it at least plausible that in dimensions d >
2 the epidemic X might survive with positive probability when the transmission
rate 6 is sufficiently large. If 6 is large, then equation (1.2) implies that when the
infection first enters a region K of space it will, at least for a while, grow at least
as fast as a super-Brownian motion with a large constant drift. Thus, with high
probability, the total mass X;(K) will become large long before the local time L,
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becomes appreciable in K. In particular, for a cube K, if the size X;(K) of the
infected set reaches a certain threshold before the local time exceeds a fraction of
this level, then the epidemic will have high probability of spreading to neighboring
cubes quickly, and the infection in these cubes will have similarly high probability
of spreading to neighboring cubes, and so on. Since high-density oriented site
percolation in dimensions d > 2 has infinite clusters, with positive probability, it
should then follow that the epidemic will reach infinitely many cubes with positive
probability. It will take some work to implement this plan. This is done in Section 5
after some important groundwork is laid in Sections 2 and 3.

For the extinction assertion of Theorem 1.2 we will adapt the corresponding
argument of Mueller and Tribe (1994). For small 6 > 0 it is possible to rescale X
so that the total mass process can be dominated by a subcritical branching process
which dies out. The actual implementation of this idea is carried out in a slightly
different manner in Section 6; see Proposition 6.1. A key observation, used here
and elsewhere in this work, is that if the initial state is split up into pieces, then one
can couple the epidemics so that the survival probability is dominated by the sum
of the survival probabilities corresponding to the pieces; see Lemma 2.19.

1.4. Epidemics with suppression. Our results extend to a somewhat larger
class of measure-valued processes that incorporate location-dependent local sup-
pression. Let K :RY — R be a bounded, continuous (or, more generally, piece-
wise continuous), nonnegative function; call this the suppression rate. A spatial
epidemic with local suppression rate K , transmission rate 6, branching rate y > 0

and inhibition parameter 8 > 0 is a solution to the martingale problem (MP)Z:’?/

t
X,(¢) = (@) + /0 X, (Ag/2+60p — K¢ — BLy(X)9) ds + /7 M (p).
(1.5)
¢ € C2(RY),

where X is a continuous finite measure-valued process, M; () is a continuous
martingale with quadratic variation [M (¢)]; = fot X, ((pz) ds and L,(x) is the local
time density of X;. When K =0 and 8 =6 =0 and y = 1, a process X satisfy-
ing (1.5) is a super-Brownian motion; more generally, when K =0 and g =0, itis
a super-Brownian motion with drift 6 and branching rate y; and when 8 =0itisa
super-Brownian motion with killing, with local killing rate K, drift 6 and branch-
ing rate y. Theorems 1.2 and 1.3 extend to all processes governed by (1.5) with
B > 0; the critical values 6, will depend on the parameters, but not on the suppres-
sion rate function K if we restrict K to be compactly supported. In the interests
of simplicity we shall prove our main results only in the case K = 0. However,
solutions of the martingale problem (1.5) will be needed in the proofs of the main
results even in the special case K = 0 as they will arise naturally in the Markov
property of solutions to (1.2).
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1.5. Relations with scaling laws for contact processes. As noted above, in SIR
epidemics, unlike SIS and SIRS epidemics, the population of susceptible individu-
als is gradually depleted during the course of the epidemic. It is this that accounts
for the depletion term — f(; Xs(Lsp)ds in the martingale problem (1.2), which in
turn is responsible for the local extinction asserted in Theorem 1.3. Spatial models
of SIS and SIRS lead to measure-valued processes with different qualitative be-
havior. One such model that has been studied in some detail is the long-range con-
tact process; cf. Bramson, Durrett and Swindle (1989), Mueller and Tribe (1994),
Durrett and Perkins (1999). In this model, only one individual, who can be ei-
ther infected or susceptible, inhabits each lattice point, but infectious contact is
allowed at distances up to L (usually the £, metric is used). Scaling limits were
obtained for the limiting regime L — 00; see Miiller and Tribe (1995) and Durrett
and Perkins (1999) for details. Bramson, Durrett and Swindle (1989) determined
the long-range functional dependence of the critical value A.(L) on L (but not the
precise constants): in dimension d = 1, they showed that for large L,

(1.6) 0<cL™?B <i(L)y—1<CL™?3,

The long-conjectured (but still unresolved) link between the discrete and contin-
uum settings in d = 1 is that

(1.7) Ae(L) —1~6,L723,

Durrett and Perkins (1999) established weak convergence of long-range contact
processes to a super-Brownian motion in dimensions d > 2, while for d = 1 Miiller
and Tribe (1995) showed that the scaling limit of the long-range contact process is
governed by the stochastic PDE

U

(1.8) O M g — i 4 T

ot 6
In this equation the local time density in the third integral of (1.2) is replaced by
the density, u;, of X,. This reflects the fact that in the contact (and other SIS)
processes, the susceptible population is depleted locally by the current size of the
infected set. The results of Durrett and Perkins (1999) show this effect induces
a killing term with a known constant rate. Mueller and Tribe (1994) showed that
there is a phase transition in equation (1.8) in that there is positive probability
of survival for 6 above a critical 6, > 0 and a.s. extinction below it. By contrast,
the martingale problems (1.2) have solutions in up to 3 dimensions, whereas (1.8)
only makes sense in one spatial dimension (since super-Brownian motion has the
property that the mass distributions X, at positive times are absolutely continuous
only in dimension 1).

The discrete SIR models underlying our continuous models are described in
Section 2.2 below. The analogue to (1.6) in this discrete setting is also described
in Section 2.2.
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1.6. Plan of the paper. The remainder of the paper is devoted to the proofs of
Theorems 1.2-1.3. The plan is as follows. In Section 2 we discuss existence and
uniqueness of solutions to a class of martingale problems including (1.2), weak
convergence of certain discrete processes to spatial epidemics, and basic compari-
son principles. In Section 3 we discuss some regularity properties of (supercritical)
super-Brownian motions and their local time densities. In Sections 4.2 and 4.3 we
prove that the critical values 6, in dimensions 2 and 3 do not depend on the initial
mass distributions, and we prove that spatial epidemics in R! die out almost surely
at all values of the transmission rate 6. In Section 5 we prove that spatial epidemics
in dimensions 2 and 3 can survive if the transmission rate 6 is sufficiently high;
and in Section 6 we prove that at low values of 6 extinction is certain. We prove
a weak form of local extinction in Section 4.1 and finally, in Section 7, we prove
Theorem 1.3.

Standing notation. For any a > 0, [a] stands for its integer part. For any
Borel subset D € R?, let M(D) be the space of finite Borel measures on D,
equipped with the weak topology, and let M (D) be the subset consisting of
all measures with compact support in D. These spaces are partially ordered in
a natural way: we write ;£ < v to mean that for all nonnegative, bounded func-

tions ¢,
/wdusfwdw

For a measure u € M(D) and a nonnegative measurable function f:D — R,
we shall continue to use the shorthand notation w(f) or (u, f) to denote the
integral of f against p and also write || for w(1), the total mass of . Let
Cp(R?) be the space of bounded and continuous functions on R4, endowed with
the sup-norm topology, and let C.(R) be the space of compactly supported con-
tinuous functions on R?. Furthermore, for any x = (xi, ..., xs) € R? and any
r>0,let Q,(x)=[x1 —r/2,x1+r/2) x--- X [xqg —r/2, xq 4+ r/2) be the (half-
closed, half-open) cube of side length r centered at x, and, for notational ease,
Q(x) := Q1(x). Finally, let C), (R4, R) be the space of nonnegative piecewise
constant functions on R? satisfying the following conditions: each such func-
tion is supported by |J; Q(x;) for finitely many x; € Z? and is constant on each
cube.

Conventions. Throughout the paper, C, ¢, Cq, etc. denote generic constants
whose values may change from line to line. The notation Y, = op(f(n))
means that Y,,/f(n) — O in probability; and Y, = Op(f(n)) means that the
sequence |Y,|/f(n) is tight. Also, for any a,b € R, a A b := min(a, b) and
a vV b := max(a, b). Finally, we use a “local scoping rule” for notation: any
notation introduced in a proof is local to the proof, unless otherwise indi-
cated.
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2. Preliminaries on the epidemic processes.

2.1. Dawson’s Girsanov theorem; existence and uniqueness. Existence and
uniqueness of solutions (in the weak sense) to a class of martingale problems sim-
ilar to (1.5) was established in Mueller and Tribe (2011) using Dawson’s Girsanov
theorem. Existence in the special case K =0, 8 = 0 was also proved in Lalley
(2009) and Lalley and Zheng (2010) by weak convergence methods, which ex-
tend trivially to the general case. Nevertheless, since Dawson’s Girsanov formula
will be of crucial importance in many of the arguments to follow, we begin by re-
viewing the essential facts. We first state a variant of Dawson’s Girsanov theorem
[Theorem IV.1.6 in Perkins (2002)] tailored to our needs.

Let Q = D([0, 00); M.(R%)) be the canonical path space for compactly sup-
ported measure-valued processes, with coordinate maps X, :Q — M (R?) and
associated filtration F = (]:,X )s>0- Fix a probability measure P on (2, .7-"0)2), and
suppose that there is a linear mapping ¥ — (M;());>0 from the space CZ(Rd)
to the space of [F-adapted, continuous martingales such that My(y) = 0 and such
that M () has quadratic variation [M (y)]; = fé(XS, ¥?) ds. This mapping ex-
tends to an orthogonal martingale measure d M (s, x); see Walsh (1986). For any
previsible x Borel process B: R, x Q x R? — R, we say that B is L?-admissible
if

t
2.1) / (X, Bsz)ds <00 for all # > 0 P-almost surely.
0

If B is L?-admissible, then the stochastic integrals

t
22) | [, Beodmes.x

exist and constitute a continuous, F-adapted local martingale with quadratic vari-
ation process fot (Xs, BSZ) ds. Consequently, for each y > 0, the process

B_ v L [ _d My g2 )
(2.3) & —exp(ﬁ_/(; A@d Bs(x)dM (s, x) 2J/_/(‘)(XS,BS)ds

is a continuous local martingale.

LEMMA 2.1 (Dawson’s Girsanov theorem). Let P be a probability measure
on (2, Fo) such that under P the coordinate process (X;):>0 satisfies the follow-
ing martingale problem: for some uniformly bounded L*-admissible integrand A,
for all ¥ € C2(RY),

t t
(2.4) X,(w>=xo(w)+%/0 <Xs,Aw>ds+f0 (Xe, A ds + V7 MP (@),

where MtP () is a continuous .EX-martingale with quadratic variation

[MP )1 = [ Xs (PP ds.
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(a) Suppose that Q is another probability measure on (€2, .7-"0)2) such that under
Q the coordinate process (X;);>o satisfies the martingale problem

o t t
Xt<w>=xo<w>+5/0 <Xs,Aw>ds+/0 (Xs. (Ay + By))ds

+ VY ML)

for all ¥ € CCZ(R"’), where B is a uniformly bounded L*-admissible integrand,
and M,Q(W) is a continuous martingale (under Q) with quadratic variation
[MQ(W)]I = fot X (1#2) ds. Suppose also that the restrictions of P and Q to the

o-algebra .7-"5( are equal. Then for each t < oo the measures P and Q on .7-',X are
mutually absolutely continuous, with likelihood ratio
dQ

2.6 —=| =¢&B
2.6 dP |px &

2.5)

In particular, Q is uniquely determined on .7-"0)2 by the martingale problem (2.5).
(b) Conversely, if Q is the probability measure determined by the likelihood
ratios (2.6), then under Q the process X satisfies the martingale problem (2.5).

We next apply the above to prove that the martingale problem (1.5) is well-
posed. Recall that for each x € R4, 0O, (x) stands for the cube of side length r
centered at x, and Q(x) = Q1(x). For any continuous path X; valued in M. R,
define

Jo Xs (Qe(x))ds

L(t, X,x) = L,(X,x) = L¥(x) =limsup y
&

el0

When there is no confusion, we shall suppress the dependence on X and abbreviate
L;(X, x) as L;(x). If X; is an adapted process on the filtered space (€2, IF), then
L(¢, X, x) is nonnegative, nondecreasing in ¢, and P X B9 -measurable, where B4
is the Borel o-field on R?, and P is the previsible o-field. If X has a local time
density, L(t, X, x) will be a jointly measurable version of it.

THEOREM 2.2. Let u € M (R?) satisfy Assumption 1.1, and let K €

Cp(Rd Ry). For any fixed 6 € R and y > 0, denote by P, = PG O the law
of a super-Brownian motion with initial mass distribution ., drift 6 and branching
rate y .

(a) If X solves the martingale problem (1.5) with initial value Xo = ., then the
law Py k =P, 2 of X on the canonical path space is unique and given by
M —gB

d PM ]:[X re
and dM (s, x) is the orthogonal martingale measure under P,. Conversely, if P, g

is the probability measure specified by (2.7), then under P, k the coordinate pro-
cess X; satisfies the martingale problem (1.5).

2.7) where B(s, w,x) = —(K (x) + BL(s, X, x)),
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(b) The mapping (i, K) — P, g is jointly measurable with respect to the ap-
propriate Borel fields.

(¢) Under Py k the local time process L;(x) is jointly continuous in (t, x) and
almost surely is the density of the occupation measure R; = fot X,ds.

(d) Under the measure P, g the process (X, L) is strong Markov, that is, for
any ftx -stopping time T,

PM,K(XH—- € A|-7:r) = PXI,K—&—/.‘SLr (A)

almost surely on {t < oo} forall A € J’:o)g.

(e) For any pair K, K’ of suppression rate functions, the probability measures
P, x and P, g are mutually absolutely continuous on F, X with likelihood ratio

dPyx = p{% [ [tk = K'@)amis.»

dPu,K
1 rt /o2
_5/0 /(K(x)—K (x)) Xs(dx)dS},

(2.8)

where dM (s, x) is the orthogonal martingale measure under P, g .

REMARK 2.3. Assertion (b) guarantees that if X9 and K¢ are random and ]-'(f( -
measurable, then the random probability measure Py, g, is ) -measurable. Simi-
larly, if X and K, are FX-measurable, then Px._ g, is FX-measurable. Moreover,
since Py, k, is a regular conditional distribution on the canonical path space given
]—'5(, it follows from (d) that the strong Markov property holds when the initial
condition X¢ and the suppression rate function K are random.

REMARK 2.4. Since the local time density L; is not uniformly bounded on
finite time intervals, the exponential process StB is not a priori a martingale. Part of
the assertion of the theorem is that in fact StB is a martingale, and hence that (2.7)
defines a probability measure on ]—"IX .

PROOF OF THEOREM 2.2. (a) First we claim that any solution X to martingale
problem (1.5) has the property that its local time density L,X (x, ) is bounded in
(t,x) for ¢ in finite intervals and for every ¢ < oo has compact support in x for
almost every w. This follows because on some probability space a version of X,
can be coupled with a super-Brownian motion X, with drift # and branching rate
y such that X, > X, for all # > 0 almost surely. See Proposition I'V.1.4 in Perkins
(2002) which we apply with D = 0, C;(¢) = [ X;(LX ) ds, and only to the first
coordinate of the pair of processes considered there. To apply the above result we
need to show that r — C; is a continuous M(Rd)—valued process. For ¢ € Cg (Rd),
C;(¢) is continuous by the martingale problem. It is easy to extend the martingale
problem to ¢ = 1 by taking limits and the continuity of t — C;(1) follows. This
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establishes the required continuity. Since super-Brownian motion has a continuous
local time process with compact support in any finite time interval, by Sugitani’s
theorem, it follows that the process X also has a local time density L ZX (x) with the
advertised properties.

Unfortunately, we cannot directly apply the previous lemma to conclude (2.7),
because L,X is not uniformly bounded in w. To circumvent this problem we use
a localization argument. Fix 0 < b < 0o, and consider the exponential process

B
Et/\t(b), where
7(b) = inf{t :max|B; (x)| > b}.
X

By Lemma 2.1, the process gth(b) is a martingale, and so under the prob-

ability measure Q" specified by equation (2.7) (with the stopped exponential
martingale as the likelihood ratio), the process X satisfies the martingale prob-
lem (1.5) with K (x) + BL(s, X, x) replaced by its stopped value. But the pre-
ceding paragraph implies that for each 7, Q”(z(b) <t) — 0 as b — o0, that is,
limp_ o0 £y (Egt(b)lf(b)ft) = 0. Therefore,

EW(€F) = Eu(EP Vo)1) = Eu(El sy e wy>1)

=Eu(&h ) — En(Ehrpyley=i) = 1.

On the other hand, by Fatou’s lemma, E,, (EtB )<Il,andso E, (ElB ) = 1. It follows
that £8 is a martingale under Py, and that under the probability measure defined
by (2.7) the process X satisfies the martingale problem (1.5).

(b, ¢) These are easy consequences of (a), the continuity of 4 — Py, and Sugi-
tani’s theorem.

(d) It suffices to consider a finite-valued 7. By (c), the local time L; is the
occupation density of X under P, g, so it follows that

Lit(X,x)=L(X,x)+ Li(X¢4.,x) for all (¢, x) almost surely.

If O(w) is a regular conditional probability for X, . given F;, then it follows
easily from this that almost surely under Q(w) the coordinate process satisfies the
martingale problem (1.5) with K replaced by K + L. Therefore, by the unique-
ness in law of solutions, Q(w) = Px, (w),K (w)+8L.(w) almost surely. The strong
Markov property now follows.

(e) This follows immediately from (a). [

In the course of proving (a) we have also established the following:

PROPOSITION 2.5.  Let X be a solution of the martingale problem (1.5) where
w and K are as in Theorem 2.2. Then on some probability space, a version of X
can be coupled with a dominating super-Brownian motion X, with the same initial
mass distribution |, and drift 0, so that X, > X, forallt >0 a.s. We will call X
the super-Brownian motion envelope.
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REMARK 2.6. Lemma 2.1 holds equally well on the larger space of contin-
uous M (R?)-valued paths [as in Perkins (2002)]. The proof of Theorem 2.2 also
holds on this larger space if one starts with compactly supported initial conditions.
That is, the solutions necessarily have compact supports for all ¢ by the domina-
tion in (a). This slightly strengthens the uniqueness part and may be used implicitly
below without further comment. The main reason for restricting to compactly sup-
ported measures is the use of Proposition 2.9 below in the proof of our main result
Theorem 1.2.

2.2. Discrete epidemic models. Measure-valued processes that satisfy the
martingale problem (1.2) arise naturally as weak limits of discrete, finite-
population stochastic models of spatial epidemics. Here we describe one such
class of models, following Lalley (2009) and Lalley and Zheng (2010). Several of
the couplings we shall develop later in the paper involving measure-valued epi-
demics will be constructed by first building corresponding couplings for discrete
epidemics, then using the weak convergence of the discrete to the measure-valued
processes to prove that they extend to the measure-valued setting.

The discrete SIR-d epidemic models take place in populations of size N lo-
cated at each of the sites of the integer lattice Z¢. We shall call N the village size.
Each of the N individuals (or particles) at a site x € Z¢ may at any time be either
susceptible, infected, recovered or removed. Infected individuals remain infected
for one unit of time, and then recover, after which they are immune to further in-
fection. The rules governing the transmission of infection are as follows: at each

time i =1, 2, ..., for each pair (i, sy) of an infected individual located at x and a
susceptible individual at y, i, infects s, with probability py(x, y), where
14+6/N“ .
0
;YY) = V)= ————— fly—x|<1and
pn(x;y) = py(x;y) Gd T DN if [y—x|<1lan

(2.9)

=0 otherwise,

where |z| is the Euclidean norm of z and
@ =a(d)=2/(6—d)

is the critical exponent; see Theorem 1 in Lalley (2009) and Theorem 2 in Lalley
and Zheng (2010). For the SIR-d model with village size N, define

X,N (x) := set of infected particles at x at time i; X ZN (x):= |XZN x)|;
KN (x) := set of removed particles at x (at time 0); KN (x):= UKN x)|;
Rﬁ] (x) := set of recovered particles at x at time #; R,]lv (x):= |Rf1v x)|;

xVo=UxMw,  KV:=JK¥) and RY:={JRN).
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Theorem 1.2 and Proposition 2.9 below suggest, after an interchange of limits,
that the critical infection probability p.(N) for the SIR model satisfy

0<cN*<Q@d+1)N-p.(N)—1<CN™“
(2.10)
for large N and d =2, 3.

This would be consistent with the result (1.6) for the long-range contact process.
Whether or not there is a stronger relation [as in (1.7)] involving the exact con-
stants 6. in Theorem 1.2 is another interesting open question.

The standard construction. We now describe a way to construct this process us-
ing a percolation structure. Connections between SIR epidemics and bond perco-
lation go back at least to Mollison (1977) (see page 322) in the continuous setting
and were used extensively by Cox and Durrett (1988), again in the continuous time
setting. The construction we use is a modification of the constructions in Lalley
(2009) and Lalley and Zheng (2010). We shall call this the standard construction.
The percolation structure is a random graph with vertex set Z¢ x {1,2, ..., N}; the
vertex (x, i) represents the ith individual (or particle) in the “village” Vy situated at
location x € Z¢. For each pair (x,7) and (y, j) of vertices whose spatial locations
differ by at most 1 (i.e., |[x — y| < 1), a py-coin toss determines whether or not
there is an edge between (x, i) and (y, j). (As is often the case in such construc-
tions, it is useful, for comparison purposes, to assume that these coin tosses are
realized using independent uniform[0, 1] random variables.) Thus, the resulting
random graph G = GV has edges only between vertices in the same or neighboring
villages.

The spatial epidemic is defined by a deterministic algorithm on the random
graph G. Since the village size N is fixed in this algorithm, we shall omit all su-
perscripts N in the specification of the algorithm. The colors green, blue, red and
black will be used to denote susceptible, infected, recovered and removed vertices
in each generation. For the Oth generation, designate K (x) vertices at location x as
black; the set of black vertices will not change during the course of the epidemic.
Next, color Xq(x) vertices in V), blue, and all remaining vertices green. (Thus, in
generation 0 there are no red vertices.) Now define a time evolution as follows. In
generation n + 1, the set X, 1 of blue vertices will consist of all vertices that were
green in generation n and were connected by edges of the random graph to blue
vertices (i.e., vertices in X,,). Finally, all vertices that were blue in generation n
become red in generation n + 1, and remain red in all subsequent generations (i.e.,
Rn—H = Rn U Xn)

The virtue of this construction is that all quantities of interest can easily be de-
scribed in terms of the geometry of the random graph G’ = G \ K obtained by
deleting all black vertices from G. The set X, consists of all vertices at distance n
in the graph G’ from the set of vertices that were colored blue in generation 0. Sim-
ilarly, the set R, consists of all vertices at distance < n from the blue vertices in
generation . The set R, of vertices that are ever infected during the course of the
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epidemic is the union of the connected clusters of the blue vertices of generation 0
in G'. It is immediately obvious from this that the recovered sets R,, are nonin-
creasing in the initial condition K, and nondecreasing in X¢ and the transmission
parameter 6.

Denote by

(2.11) P" = (Pn(x’ y))x,yeZd = (Pn(y _x))x,yeZd

the transition probability kernel of the simple random walk on Z¢, that is, P"* =
PP s P"~! is the nth convolution power of the one-step transition probability kernel
given by

(2.12) Pix,y)=1/Qd+1) for|ly—x| <1,

and let 62 = 2/(2d + 1) be the variance of the distribution P;(0, -). Let G, (x, y)
be the associated Green’s function

Gu(x,y):= Y Pi(x,y),  Gux):=Gu(0,x),

1<i<n

and for any finite measure p on Z4 denote by uG,(x) = (1 * G,)(x) the convo-
lution of u with G,,.

Next, we explain the re-scaling of the discrete epidemics that gives weak con-
vergence to the measure-valued epidemics determined by the martingale prob-
lem (1.5).

DEFINITION 2.7. The Feller—Watanabe scaling operator Fy scales mass by
1/N? and space by 1/+/N%2, that is, for any finite Borel measure x on R¢ and
any test function ¢,

(2.13) (. Fnp)=N° [ ¢(x/VNeo2)u(dx).

DEFINITION 2.8. The Sugitani scaling operator Sy scales mass by
1/N*@?=4/2) and space by 1/+/ N%02, that is, for any function f,

f(VN¥o2x)
(2.14) (SN X)) = TNe@=d/D)

When the function f is only defined for x € 74, define (SN f)(x) for x €
7% /[v/N%o2] as above, and extend it to a continuous function on R by a suit-
able piecewise linear interpolation.

The following weak convergence theorem is a slight variant of the main results
in Lalley (2009) and Lalley and Zheng (2010).
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PROPOSITION 2.9. Assume that d < 3, and suppose that the initial configu-
rations u = X(])v and KN are both supported by finitely many integer sites and
are such that for some measure | satisfying Assumption 2.10 below and some
K eC, (R4, R.), the following conditions are satisfied, where = denotes weak
convergence on the respective spaces:

(@) ifd =1, then uN (V' N%02.)//N¥ are supported by a common compact
interval, and (after linear interpolation to be continuous functions on R)

N 2
u (VN =x) )
(2.15) T =  Xo(x) € C.(R);
(b) ifd =2 or 3, then
(2.16) Fvuh =
(2.17) Sn(u % Giver)) = puxqr € Cp([0, 00) x RY),

where the second convergence is in D([0, c0); Cp, (R9Y);
(c) in all dimensions,

2.18)  KN(x) =[NP K (x/[VN62])]  forallx eZ’.
Then we have the following weak convergence:
(2.19) (FnX[Ner SNRNer) = (X1, Li(x))

in D([0, 00); M.(R%)) x D([0, 00); Cp(RY)), where the limit process X has ini-
tial configuration Xo = [, solves (1.5) withy =1, B =1, 0 as in (2.9), and sup-
pression rate K, and L;(x) is its local time density process.

ASSUMPTION 2.10. The finite measure u has compact support. When d =1,
w has a density Xo(x) € C+(R), and for d =2, 3 for some C,, > 0, p satisfies
sup (B(x,r))

xeRd

(2.20) 5
logl/r)~ ifd =2
< | Cullogd/ry =, o iTd =2 e 0,11,
Cyr(logl/r)—=, ifd=3
REMARK 2.11. It is easy to see that Assumption 2.10 implies Assump-
tion 1.1. Take the case d = 3, for example. For any (#,, x,) — (¢, x), we want
to show that fy q:,(y — xp)dp(y) — fy q:(y — x)du(y). Since u({x}) =0, we

have

41,y — xn) = q:(y — x) for p-a.a. y,

and hence it suffices to show that {g;, (¥ — x,)} is uniformly integrable with respect
to i, which in turn reduces to show

lim sup/ 41, (y —xp)du(y) =0.
[y—xn|<6

5—)0 n
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To see this, let M (r) = u(B(xy,,r)) for r > 0. The elementary bound g;(z) <
C|z|~! and an integration by parts lead to

/ qr,(y —xn)dp(y) < C ly — xnl ' du(y)
[y—x,|<6

|y—xn|<8

= C/Sr_ldM(r)
2.21) 0

8
=Cr'M@)[} + c/ r2M(r)dr

C(log(1/8))~ +cf H1og(1/r) 2

which goes to 0 as § — 0. A similar argument applies for d = 2.

REMARK 2.12. For any i € M (R¢) and any fixed 6 € R, y > 0, by Theo-
rems II1.4.2 and II1.3.4. in Perkins (2002), if X is a super-Brownian motion with
initial mass distribution u, drift 6 and branching rate y, then Assumption 2.10 is
satisfied by X, for all # > 0 almost surely. Furthermore, for any KeC (]R R4)

and B > 0, by the absolute continuity between the laws P, 8 7 and Pz éy, the
same is true for a spatial epidemic with initial mass distribution w, local suppres-
sion rate K, transmission rate 6, branching rate y and inhibition parameter S.

REMARK 2.13. For pu satisfying Assumption 2.10 there are rescaled count-
ing measure u™’s satisfying the hypotheses of the above theorem, and hence
Proposition 2.9 implies, among other things, that for any suppression rate func-
tion K € C p(Rd, R, ), the measure-valued epidemic process X satisfying (1.5)
is a weak limit of appropriately scaled discrete SIR epidemics. When d = 1, for
each x € Z/vVN%2, let uN (x#/N%02) = [/N® - Xo(x)]. Then (2.15) is obvious.
When d = 2 or 3, the required sequence { u™y satisfying (2.16) and (2.17) can be
built as follows. Recall that for each x € Z4, QO (x) stands for the (half-closed, half-
open) unit cube centered at x. RY can hence be decomposed as a nonoverlapping
union of Q(x)’s for x € Z¢, and so for any y € R?, we can find a unique x € z¢
such that y € Q(x), and with a slight abuse of notation, denote such an x by [y].
Next, let {X;} be a sequence of i.i.d. random variables with probability distribution
/|, and let

[Nl

Z S[Xi\/N“az]'
i=1

(Note that @« < 1 and on each integer site there are N vertices, so for all N
large enough, 1" can be realized as a counting measure on the graph Z¢ x
{1,2,...,N}.) One can then show that {"V} satisfies (2.16) and (2.17) almost
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surely. In fact, (2.16) holds trivially by the strong law of large numbers (SLLN),
the uniform continuity of test functions and the simple bound

X;V/NeG? |
(2.22) XivN%oT] oyl b forani,
N%g? N%g?

The verification of (2.17) is given in the Appendix.

REMARK 2.14. The arguments of Lalley (2009) and Lalley and Zheng (2010)
are based on the fact that each of the discrete SIR epidemics has law absolutely
continuous with respect to the law of a critical branching random walk with the
same initial condition. The Radon—-Nikodym derivatives can be written explicitly
as products, and these can be shown to converge to exponentials of the form StB
appearing in (2.7). Since branching random walks, after rescaling, converge to
super-Brownian motions, it follows that the rescaled discrete SIR epidemics con-
verge to processes related to super-Brownian motion by (2.7), that is, processes
that solve the martingale problem (1.2).

Routine modifications of these arguments can be used to establish weak con-
vergence for a variety of discrete processes similar to or related to the discrete
SIR epidemics constructed above. In particular, the convergence (2.19) can be ex-
tended to joint weak convergence for coupled SIR epidemics with suitable initial
conditions. For example, let u™+4, u™N-8 be initial conditions satisfying the hy-
potheses (2.15)—(2.17), and let XV:4, XN:B XN be discrete SIR epidemics all con-
structed using the same percolation structure GV, with the same initially removed
sets KV (x), in such a way that the sets X(I)V A (x) and Xév B (x) are nonoverlapping,
with cardinalities ©V>4 (x) and ™8 (x), and such that

(2.23) XV ) =X 0 ux) B ().

Then after rescaling, the processes XV-4, XV-8 and X"V converge jointly in law to
(dependent) measure-valued epidemics X2, X ,B and X, with initial mass distribu-
tions u?, u®B and A + 8, respectively, whose local time densities satisfy

(2.24) LAVLIE <L, <12+ LB

(The arguments that follow will not rely in an essential way on this joint con-
vergence, however. All that is needed is that subsequences converge jointly, as this
is enough to guarantee the existence of coupled measure-valued processes satis-
fying the same monotonicity properties [such as (2.24)]. Joint convergence along
subsequences follows trivially from the weak convergence of marginals, since this
implies joint tightness.)
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2.3. Comparison lemmas. The construction of the measure-valued spatial epi-
demic process as the weak limit of discrete epidemics and the Girsanov formu-
las (2.7)—(2.8) lead to a number of basic comparison principles that will be used in
the proof of Theorem 1.2. We formulate these as couplings, in which two epidemic
processes (or super-Brownian motions) are constructed on a common probability
space in such a way that various functionals of the processes [e.g., the limiting
local time densities Ly (x)] are ordered.

LEMMA 2.15. Suppose that X; has law P ! y for some K € Cp(]R R4)
and some initial condition  that satisfies Assumpnon 1.1. Then

P(X survives) = P( lim f Li(x)dx = oo) = P( lim |X,|=o0).
t—o0 JRrd 11— 00

PROOF. This uses the existence of a coupling between the measure-valued
epidemic X and its super-Brownian motion envelope (Proposition 2.5). If Z; :=
|Xs| is the total mass at time s, then lim,_, oo fga L;(x) dx = [§° Z;ds. Because
Z, is continuous, and 0 is an absorbing state (e.g., by the strong Markov property
in Theorem 2.2), if f0°° Z,ds = 0o, then X must survive. On the other hand, if
liminf;_, o Z; < 00, then there exists M € N and an infinite sequence of stopping
times t,, — o0 such that

(2.25) w4127, +1 and Z;, <M.

Consider the time period [1,, T, + 1]. By the strong Markov property and the exis-
tence of a monotone coupling between a spatial epidemic and its super-Brownian
motion envelope, the process Z; ., is dominated by Feller diffusion with drift 6
and initial total mass less than M. This dies out in the next one unit of time with
positive probability, independent of n, hence so does X;,, for ¢ < 1. It follows
that with probability 1, if X survives, then lim;_, o, Z; = 00. As the latter trivially
implies [;° Zy ds = oo, the proof is complete. [J

LEMMA 2.16. Fix0 < 0* and y > 0. For any initial mass distribution |1 that
satisfies Assumption 2.10 and any K € C), (R4, R,.), there exist on some proba-

bility space epidemic processes (X, X*) € D([0, 00); M(R?))? with laws Pe Ly
and P Y and local time densities L, L, respectively, such that almost surely,

for every t >0,
(2.26) L, <Lj.
PROOF. This follows from the weak convergence result (2.19) and the stan-

dard construction. Recall that in the standard construction of the discrete SIR epi-
demics, the evolution is determined by the random graph G’ in which edges are
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present with probabilities py (x; y) = pﬁ, (x; y) given by (2.9). These probabili-
ties are increasing in 6. Consequently, it is possible (using auxiliary uniform[0, 1]
random variables) to simultaneously construct random graphs G’ and G, with per-
colation probabilities plev (x;y) and ple\,* (x; y), respectively, in such a way that the
edge set of G’ is contained in that of G.. This forces

R, (x) SR} (x) foralln>0and x € Z¢,

and hence also R, (x) < R} (x). This inequality will be preserved upon taking weak
limits, so we obtain (2.26). [

REMARK 2.17. It follows immediately from (2.26) and Lemma 2.15 that
2.27) P (X survives) < P(X™ survives).

LEMMA 2.18. Let K,K* € C, (R4; Ry.) be suppression rate functions such

that K < K*. Then for any | satisfying Assumption 2.10, there exist spatial epi-
demics (X, X*) € D([0, 00); Mo(RD)? with marginal laws P)x” and P. ¢!

and local time densities L;, L}, respectively, such that almost surely,
(2.28) L;>L7 forallt >0,

and P (X survives) > P(X* survives).

PROOF. The existence of the coupling follows directly from the weak conver-
gence (2.19) and the standard construction, because in this construction, increasing
the removed sets K decreases the sizes of the connected components. The assertion
about survival probabilities follows from (2.28), by Lemma 2.15. [

LEMMA 2.19. Let uo, vy be initial mass distributions satisfying Assump-
tion 2.10, and . = o + vo. Then on some probability space there exist epidemic
processes (X, X1, X2) € D([0, 00); M (R%))3, with initial conditions i, o, and
vo and marginal laws Plf:(l)’y, Plf(’:(’)y and Pfo”ldy, respectively, such that

max(L; (x), LF(x)) < Li(x) < L (x) + L7 (%)

(2.29)
forallt >0 and x € R,

Consequently,
(2.30) P(X survives) < P(X 1 survives) + P (X 2 survives) and
(2.31) P(X survives) > P(X' survives) foreachi=1,2.

PROOF. This follows by the same argument as the preceding lemma; see Re-
mark 2.14. [



258 S.P.LALLEY, E. A. PERKINS AND X. ZHENG

Lemma 2.19 describes the effect of adding infected mass at time 0. The next
lemma concerns the effect of introducing additional infected mass at a time ¢, > 0
after the epidemic has already begun. Let i, (o, vg be initial mass distributions
satisfying the hypotheses of Lemma 2.19. Say that X* is a measure-valued epi-
demic with immigration at time t, if it satisfies the following martingale problem:
forall ¢ € C?(Rd),

X7 (@) = o) + 1, 00) (D vo(p)
(2.32)

t
+ [ X2(80/2+ 00 = Ko - BLig)ds + 7M@),

where M; is a continuous martingale with quadratic variation [M*(¢)]; =

fé Xy (¢?)ds, and L* = LX" is the local time density of X*. Existence and unique-
ness of solutions to (2.32) follows from Theorem 2.2 and the Markov property.

LEMMA 2.20. Let o, vy be initial mass distributions satisfying Assump-
tion 2.10, and p = po + vo. On some probability space there exists a solution
X to (1.5) with initial mass distribution (v and a solution X} to (2.32) such that

(2.33) LX>LX  Vvt>0 and LX=1LX.

PROOF. This is by discrete approximation, using the standard construction of
the discrete SIR epidemics. On each percolation structure G = GV, we construct
a pair of epidemics. The first, denoted by X = XV, is constructed using initially
infected sets Xy = X(J)\’ such that (2.15)—(2.17) hold. The second, denoted by Y =
YV, has initially infected sets Yo € X such that after Feller—Watanabe rescaling
the initial mass distributions converge to (g; see Remark 2.13 in Section 2.2. This
second epidemic Y has spontaneous new infections at time [N%#,]: in particular,
all individuals in the sets

Xo \ Yo := [ J(Xo(x) \ Yo(x))
X
who are not yet recovered become infected. Thus, the time evolution of the epi-
demic Y, is determined by the random graph G’ := G \ K as follows: (1) For
n < [N%t,], the recovered set ]R,{ consists of all vertices at graph distance < n
from the initially infected set Yg. (2) For n > [N%#,], the set Rr{ consists of all
vertices v such that either the graph distance of v from Yq is < n, or the graph
distance of v from Xg \ Yo is <n — [N%,].

From the construction above and the standard construction described earlier, it

is clear that

(2.34) foralln>0 RYDR) and RY CR)  yep-
Set
N Y,N Y
Yl‘ :fN|Y[N°‘l‘]| and Rt :SN‘R[NO(”

where Fy and Sy are the Feller—Watanabe and Sugitani rescaling operators.

’
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CLAIM 2.21. The vector-valued process (YN, RV'NY) converges weakly to a
process (X*, L*) such that X* solves the martingale problem (2.32), and L* =
LX" is the local time density of X*.

By passing to a subsequence, if necessary, it follows from Proposition 2.9, the
above claim and (2.34) that

L,X* <L < L,X:,* forall# >0 a.s.

This clearly implies (2.33).

PROOF OF THE CLAIM (SKETCH). This is done by following the likelihood
ratio strategy described in Remark 2.14. As used in Lalley (2009) and Lalley and
Zheng (2010), this strategy was based on the fact that each discrete SIR epidemic
considered had law absolutely continuous with respect to the law of a critical
branching random walk with the same initial condition. The bulk of the proof con-
sisted of showing that the likelihood ratios converged in law, under the branching
random walk measure, to the Radon—Nikodym derivative of a measure-valued epi-
demic relative to the law of super-Brownian motion. For the processes considered
in this claim, the appropriate comparison processes are not standard branching
random walks, but rather branching random walks with immigration in which new
particles are introduced at times [N“z,] in such a way that after Feller—Watanabe
rescaling the mass distributions of these new particles converge to vg. The laws
of these processes converge, after rescaling, to the law of super-Brownian mo-
tion with immigration at time #,, that is, a process Y* satisfying the martingale
problem (2.32) with 8 =0 and K = 0. (This follows easily from the standard
convergence theorem for critical branching random walks because the effect of
the immigration is simply to superimpose an independent branching random walk
shifted in time by [N%t,].)

Consider the likelihood ratios for the law of the epidemic process Y7 rela-
tive to that of the corresponding branching random walk with immigration. These
are products of factors indexed by (discrete) times ¢ and lattice sites x € Z¢ [see
Lalley (2009), equation (53)]. For t < [N%#,] the factors are exactly the same as
in the case where there is no immigration. Beginning with time ¢ = [N#,], new
factors are introduced; these indicate the relative likelihood ratios for the newly
introduced immigrants and their offspring. Under the law of the branching random
walks with immigration the immigrants and their offspring evolve independently
of the progeny of the original (time 0) particles. Using this fact, one can show,
in much the same manner as in Lalley (2009) and Lalley and Zheng (2010), that
the likelihood ratios converge weakly (under the branching random walk with im-
migration laws) to the Radon-Nikodym derivative of the process X* relative to
super-Brownian motion with immigration. In carrying out this final step, the main
hurdle is showing that in the epidemics with immigration, the numbers of individ-
uals in the sets Xg \ Yo who are infected prior to time [N%#,] is of order Op(1).
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Here is a brief synopsis of the argument: since the local time densities, after rescal-
ing, converge, the maximum number of recovered individuals at time [N“z,] at any
site is of order Op(N*?~4/2)) Consequently, because X \ Yo has cardinality on
the order N%, the number of individuals in Xg \ Y infected prior to time [N%#,]
is of order

OP (Ntx(Z—d/2))

(2.35) O(N%) x ———————==0p(D),

sincea=2/(6—-d). O
This completes the proof of Lemma 2.20. [J

In the proof of Theorem 1.2 it will be necessary to compare the evolution of a
measure-valued epidemic X with a coupled process in which additional infected
mass is introduced at a random time. Say that X} is a measure-valued epidemic
with immigration at time 7 if it satisfies the following martingale problem: for all

CZ(Rd)
pel; )

X (@) = 1o(9) + 1iz.00) (1) vo(9)
(2.36)

t
+/0 X5 (A@/2+ 09 — Ko — BLp)ds + /Yy M[ (p),

where 7 is a finite stopping time relative to the filtration FX", M is a continuous
martingale with quadratic variation [M*(¢)]; = fé X3 (¢*)ds and L* = LX" is the
local time density.

LEMMA 2.22. Let o, vy be initial mass distributions satisfying Assump-
tion 2.10, and 1 = o + vo. Then on some probability space there exist epidemics
(X1, X7) € D([0, 00); M R¥Y)? such that (1) X solves the martingale prob-
lem (1.5) with initial value Xo = wu; (2) X* solves the martingale problem (2.36);
3)

(2.37) LX>LX" forallt>0 and LX=LX.

PROOF. By the usual continuity (weak convergence) arguments, it suffices to
prove this for stopping times 7 that take values in a finite set. By a routine induction
on the cardinality of this finite set, it suffices to consider stopping times that take
values in a two-element set {0, . }. For such stopping times, the result follows from
Lemma 2.20, since this can be applied conditionally on Fy. U

Now the results of Lemmas 2.18, 2.19 and 2.22 can be combined, allowing
us to couple the measure-valued epidemic X with a measure-valued process X*
in which the infected mass is decreased and the suppression rate increased at a
random time 7. Here we will use the strong Markov property [Theorem 2.2(c)]
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and Remark 2.3. The process X™* will satisfy the following martingale problem:
for every ¢ € CCZ(Rd),

X7 (p) =
(2.38) )
Ho(9) + /O X3 (Ag/2+ 09 — Ko — BLX ¢) ds
+ Y M (), forallt < t,
v+ [ X802 400~ Kio— pLY g)ds
+ V7 (M (p) — M} (), forall t > 7,

where LX" is the local time density and:

(i) T is a finite FX" -stopping time;
(i) Y is an ]:TX_* -measurable random measure satisfying Y, < X*_ + vg;
(iii) K} is an ftX *_measurable random element of C » (R4, R,) satisfying
K7 > K;
(iv) M/ (p) is an F X*_continuous martingale with quadratic variation
[M*(@)): = J5 X3 (97 ds.

PROPOSITION 2.23. Let g, vo be initial mass distributions satisfying As-
sumption 2.10, and (1 = [uo + vo. Then there exist epidemics (X;, X]) € D([0, 00);
M RMY)? such that:

(1) X solves the martingale problem (1.5) with initial value Xo = |;
(ii) X* satisfies the martingale problem (2.38);
(iii) the local time densities of X and X* satisfy

L ZLTX* forallt > 0.

This proposition can be used iteratively, using the strong Markov property and
standard arguments, so as to allow immigration and increases in the suppression
rate K* at increasing stopping times 0 =79 < 71 < 1p <--- < 0o. The associated
martingale problem is as follows: for every ¢ € C?(Rd ),and forall t; <t < Tj4+1,

t
X! ) = @)+ [ Xi(ag/2+60 — Kip = B(L(X") = L (X)g) ds
(2.39) i
+ Vv (M (p) — M7 (9)),

where:

(i) foreachi =1,2,..., u; and v; are fgfi—measurable random measures
satisfying Assumption 2.10 and such that

pi+vi < X7 +vie1;
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(i) Kj=0,and K € C, (R4, Ry) is, for each i, an J”-'T)f " _measurable random
function such that

K,'* = K,'* 1+ ﬂ(Lti (X*) — Ly, (X*));

(iii) M; is a continuous F X*—martingale with quadratic variation [M*(¢)], =
Jo X3 (g ds.

The existence of a solution to this martingale problem follows from the strong
Markov property [Theorem 2.2(d)]. Proposition 2.23 and a standard induction ar-
gument now yield the following comparison result.

PROPOSITION 2.24. Let wo,vo be initial mass distributions satisfying As-
sumption 2.10, and | = ug + vo. Then on some probability space there exist
measure-valued processes X and X™ such that (i) X solves the martingale problem
(MP)Q’/S’V specified in (1.5); (i) X™ solves the martingale problem (2.39); (iii) the

w0
corresponding local time processes satisfy

LX>LX" forallt>0.

2.4. The sandwich lemma. The discrete SIR-d process X ¥ is naturally asso-
ciated with a branching envelope. This is a nearest-neighbor branching random
walk X with initial condition X; = X} and offspring distribution Bin((2d +
N, plgv (0, 0)) that dominates X ,llv , that is, such that for each n > 0 and x € Z¢,

XN <X ().

See Section 1.6 of Lalley (2009) for details concerning the construction. Since
branching random walks, after Feller—Watanabe rescaling, converge weakly

. : SN, . .
to super-Brownian motions, the vector-valued processes (XV,X ), similarly
rescaled, have marginals that converge weakly. It follows that after rescaling the

laws of the vector-valued processes (X%, YN) are tight. Hence, any subsequence
has a weakly convergent subsequence, and the limit process (X, X) must satisfy
X; < X;. The component processes X and X of any such weak limit must be a
measure-valued epidemic [i.e., a solution of the martingale problem (1.5) with
y = 1] and a super-Brownian motion with drift 6, respectively. This gives another
proof of Proposition 2.5. Next is a result which also gives a lower bound on the
epidemic process.

LEMMA 2.25.  For any measure j1 € M(R?) satisfying Assumption 2.10, any
k > 0,0 €R, and any function K € C, (R4, R) there exist, on some probability

space, measure-valued processes X, X, X with common initial state Xo = X =
X = such that

X, <X, <X; forallt <z,



A PHASE TRANSITION FOR MEASURE-VALUED SIR 263
where
T= inf{t >0: (m;lx K(x)) + (mfx L,X(x)) > K},
with the following laws:

(1) X is a spatial epidemic with local suppression rate K , transmission rate 6,
branching rate y = 1 and inhibition parameter B = 1;
(ii) X is a super-Brownian motion with drift 6;
(iii) X is a super-Brownian motion with drift 0 — k.

The proof will once again be based on discrete approximations. We shall build
approximating discrete epidemic processes that satisfy the analogous sandwich
relationship. The construction makes use of the following lemma. First, observe
that in a discrete SIR epidemic, when two infected individuals simultaneously at-
tempt to infect the same susceptible individual, all but one of the attempts fail;
call such an occurrence a collision. [Hence, e.g., when three infected individuals
simultaneously attempt to infect the same susceptible individual, then the number
of collisions would be (3) = 3.]

By slightly modifying the proof of Lemma 9 in Lalley and Zheng (2010), in
particular, by noticing that the statement right above equation (62) therein also
holds for the way that we count the number of collisions here, we get the following:

LEMMA 2.26 [A slight variant of Lemma 9 and equations (62)—(64) in Lalley
and Zheng (2010)]. For each pair (n,x) € N x 74, let F,IZV (x) be the number of
collisions at site x and time n in the SIR-d epidemic with village size N. Assume
that the hypotheses (2.16)—(2.17) of Proposition 2.9 are satisfied. Then for any
fixed T >0,

(2.40) E ) Y I =o(N%).

n<N¢T X

A direct consequence of the previous lemma is that if we define a Modified SIR
process in the following way:

Modified SIR process. At any site/time (x, t), each particle produces Bin((N —
KN () — RN (y)), p§ (x,y)) number of offspring at neighboring sites y, where
R,ICv OM=>iaX lN (), then the Modified SIR process can be constructed together
with the original SIR process, in much the same way as for the branching enve-
lope with the original SIR process, such that: (1) the Modified SIR process always
dominates the original SIR process; and (2) the discrepancy D;(x) > 0 between
them at site x and time ¢ satisfies that for any 7" > 0,

(2.41) én]\{/:lgiT;Dt(x) =op(NY).
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Therefore after the Feller—Watanabe scaling as in Proposition 2.9, the modified
SIR process will converge to the same limit as in Proposition 2.9.

[To show (2;41), observe that if we le‘[~ D, =), D,(x), and 5;1 =D, /(1 +
0/N%)", then D, is a sub-martingale: E(Dy1|F,) > 5,,, with the inequality due
to collisions at generation n 4 1. Further note that for any 7 > 0,

EY oner((14+6/NOWTI=n 5~ TN (1))
(1+6/N*)IN*T]

= O<E( > ZF,?’(x))) = o(N").

n<N®T X

E(B[N“T]) <

Equation (2.41) then follows from the Doob’s martingale inequality.]
We now prove Lemma 2.25.

PROOF OF LEMMA 2.25. We shall build approximating particle systems that
satisfy the analogous sandwich relationship. Choose X (])V and KV such that (2.16)-

(2.18) are satisfied. The super-solution XV isa nearest-neighbor branching random
walk with initial configuration X(])V and such that at any site/time (x, t), each par-
ticle at site x produces Bin(N, plev (x, ¥)) number of offspring at neighboring sites

y. By Watanabe’s theorem, xV converges to the desired X. As noted above, the
Modified SIR X" will approximate X. Define the stopping time

™V = min{t >0: (m}.;:lxKN(x)) + (m).;:lxRtN(x)) > KN(“(Z_‘I/Z))}.

We may assume that ¥ > sup, K(x) (or the result is trivial). The sub-solution
X" is a nearest-neighbor branching random walk with initial configuration X(I)V
and such that at any site/time (x,?), each particle at x produces Bin([N —
Kk N©C=d/2)], plev(x, y)) number of offspring at neighboring sites y. By Watan-
abe’s theorem X" converges weakly to the super-Brownian motion X. It is clear

. —N )
that before time 7V, the three processes X, X Nand X N can be built on a com-
mon probability space such that

XV <xN<X'  forallt <7V

By Skorokhod’s representation theorem and Proposition 2.9 we may assume
liminfy tV > 7 a.s. Here we use max, KV (x)/N©2=4/2) _5 max, K (x) and the
fact that there is a greater than or equal to sign in the definition of 7. By taking
limits in the above, along a subsequence if necessary to get joint convergence, we
complete the proof. [l

2.5. Scaling. 1Tt will be necessary, in some of the arguments to follow, to
rescale time and/or space. When a super-Brownian motion, or more generally a
solution to the martingale problem (1.5) is rescaled, its diffusion rate may change,
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that is, the Laplacian in (1.5) may be multiplied by a constant «. The resulting
martingale problem is as follows:

o t t
Xi(9) = Xo(9) + 5 / X, (Ag)ds +0 / X, (@) ds
(2.42) 0 0

t
- /0 (Xs (K@) + BXs(Ls@)) ds + /7 Mi(9).

where «, 8,7 > 0 and 6 € R are constants, K € Cp(]Rd,Rﬂ, and M;(p) is a
continuous martingale with quadratic variation [M (¢)]; = f0’ X, (<p2) ds. As usual,
L; is the local time density of the process X. We shall refer to this martingale

problem as (MP)Z’,ﬁIéV’“ and continue to write (MP)Z”%’/ ifo=1.

LEMMA 2.27. Let X solve the martingale problem (MP)Z’&V"X. For any con-

stants a, b, c > 0, define a new measure-valued process U by

243) U;(y) = c/ W (bx) X (dx) for all bounded measurable r on RY.
X

Then U; solves the martingale problem (MP)Z,”%’,)/ “* with parameters

21d
b
0’ =aéb, B = a - 'B, vy =acy, o/:abzoz,

K'(x) =aK(x/b),

and initial measure defined by [ (x)u'(dx) = c [ (bx)u(dx). The local time
densities L = LX and LY are related by

(2.44) Lg x)= #Las <%) forall x,t.

PROOF. This is by routine calculations. [

REMARK 2.28. Based on the above result, one can show that by choosing a, b
and c appropriately, the scaling as in (2.43) would transform the martingale prob-
lem (MP)Z”%’V’Q into (MP)?L,’ 10’1’1; in other words, the model is a one-parameter
model.

3. Preliminaries on (supercritical) super-Brownian motions. In this sec-
tion we present some regularity results for super-Brownian motions and their local
times. The results are only of interest, and only will be used for d > 1, and so we
assume d = 2 or 3 throughout this section.
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3.1. Uniform regularity of super-Brownian motions. In this and the following
subsection, let Y = Y# be a (driftless) super-Brownian motion with initial state

Yo =, and let P, = P%%! be its law. Denote by B, (y) the open Euclidean ball
in R centered at y of radius r, and for any measure ;. € M(R?), define

3.1) D, r) =sup{u(B(y)):y e R}

For any function ¢ and any measure u € M(R?), set Lo = W * @, where x denotes
convolution. In particular, for any ¢t > 0,

(1up) (x) = / P —yu(dy) and  (ug)(x) = /0 / pe(x — y)u(dy) ds,

where p; and g; are the Gauss kernel and the integrated Gauss kernel in (1.3),
respectively. For r € (0, 1] let

1 1\?
h(r)=,|rlog~ and (p(r):r2<1+log—).
r r

Finally, for T, rg, C; > 0 introduce the event
Gr(ro; C1, C2) ={D(Y;,r) < Ci(D(up;, Cor) +@(r)) forall r <rgandt < T}.

The following lemma is an easy consequence of the proof of Theorem 4.7 in
Barlow, Evans and Perkins (1991).

LEMMA 3.1. If K > 1 there are constants C1, Co» > 0 (depending on K), and
forany T > 0 there is an ro(K, T) € (0, 1] such that for all ». > 1 and any p with

Il =4,
(3.2) Py (Gr(roe™;C1,C)) = 1 —e K%,

PROOF. This is a quantitative version of Theorem 4.7 of Barlow, Evans and
Perkins (1991). The proof of that result shows for K > 1 there are constants
C1,Cy,C3>1suchthatforall A >1,T > 0,n € N and u with || = A,

P (Gr(h(27"); C1, C2)°) < C3(T + (A + D27 K" - c3n2~Kn
(3.3)
< C3Q2T +3)r2 K,

Here one has to chase constants a bit to check that the constant ¢, 7 in the proof
of the above theorem in Barlow, Evans and Perkins (1991) may be taken to be as
large as you like at the cost of our C; and their c4 7 being large. The latter can then
be handled in the key bound in the proof of Theorem 4.7 in Barlow, Evans and
Perkins (1991) by taking our C; large enough. Now choose n¢ > 2 in N so that

3-4) C3Q2T +3)27Km0 < o=K4) =1 < 32T +3)27 Km0+,
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The above definition implies

e—Kkk—l 1/2K)
h(27"0) = 270/2(nylog2)!/? > <m) [2log2]'/
= ro(K, T)e™,

where in the last inequality we used the simple fact that for all A, K > 1,
AT/CE) > -1 > exp(—A/2)/2. Therefore (3.3) and (3.4) imply that

P (Gr(roe™; C1, C2)°) < e K*. O
To formulate the next result we introduce the following:

DEFINITION 3.2. For any positive constants A, A and rq, with ro < 1, and any
measure i € M(R?), we say that p is (A, A, ro)-admissible if

1 2
D(u,r) < Ar2<Krd_2 + (1 + log —) ) =y(r) forallr <rge .
r

COROLLARY 3.3. For any fixed K > 1 and T > 0, there exist positive con-
stants A = A(K,T) and ro =ro(K,T) <1, such that for all A > 1 and p with
|| =2,

(3.5) P, (Yr is (A, A, ro)-admissible) > 1 — e~ X%,

PROOF. This follows from Lemma 3.1 by noticing that
D(upr., Car) < Ca(T)ar’. O

3.2. Local time densities of super-Brownian motions. Recall [equation (1.3)]
that p;(x) and g;(x) are the Gauss kernel and the integrated Gauss kernel, respec-
tively.

LEMMA 3.4. Suppose that | € M(RY) satisfies || = A and is (A, A, rg)-
admissible for some constants A and ro. For any 0 < 8 <2 — d /2 and any fixed
T > 0, define

E1(T) = max(ugr)(x) and
(3.6)

T
Eo(T) := m)ngf /s_mps(x — y)u(dy)ds.
0
Then there exists a constant A" = A'(A,ro, T, B) > 0 such that for both i = 1,2
and forall .. > 1,

AAZ, whend =2,

3.7 E;,(T) <kg(A ::{
SE (1) <ka(d) A'\Ze*, when d = 3.
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PROOF. We shall only prove the result for E(7'); the proof for E,(T) is sim-
ilar. Let 7y = roe—*. We first deal with the integral for ¢ € [’Fg/ 3, T1]: to do so, for

any fixed x € R? we cover R? with balls B; of radius 7 and with center of distance
d; = k7o to x for some k € Z=¢. Then for any 7 > 0,

o2
Q@) (upy) (x) = / (=2 exp(—'x = | >M(dy)

in(0, d; — 70)?
< Zf td/zexp(——mm( o) ),u(dy).
i yEB; 2t

The balls can be chosen in such a way that for any k£ > 3 there are at most C (k —
2)4=1 balls with center of distance k7 to x. It is then easy to see that there exist
constants C; such that

2
—dj2 lx =yl )
t - d
f eXp( o u(dy)
1)2"Q

- ad k—1)“r
<Cit™ Py + Gy 172 CXP<—(27[0
k=3

) (k=2 g (o)

< Cit™ Py o) + Czw(’fo)/ 174241 exp(— 2t0>da
1

< C1y Go)t ™% + C3y (7)7y
{ C1y (Fo)t ™" + C3 (1 + (1 +log(1/70))), when d =2,
C1y (7o)t =3/ + C3(h + (1 + log(1/70))* /7o), when d = 3.

Therefore

[ el 25

Car (7)(log T + log(1/70)) + C3T (A + (1 + log(1/70))?).
=< when d =2,

Capr Fo)Fy P + C3T (M + (1 + log(1/70))* /70), when d = 3,

which can be bounded by «; (1) for all A > 1 for an appropriate choice of A’. Now

we deal with the integral for € [0, ro/ 3]

>

o —y|2>
dy)dt
/ / eXp< > u(dy)
LUt ) oon( 2
0 le—yl<r3/8  Jix—y|>13/8 2t
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The following lemma is implicit in Sugitani (1989).

LEMMA 3.5.  Suppose that p € M(R?) and for all t > 0, B1(t) < 00, and for
some 0 < <2 —d/2andall t >0, Er(t) < 00, where E| and By are defined
in (3.6). Define

Zi(x) = L¢(x) — (ngy)(x).

Then for any T > 0, there exist constants no =no(B,T) >0,C; =C;(B,T) >0
such that forall0 <n <noandt <T,

E,e <77(Zr(a) — Z:(b))

) <exp(C1E2(2t) - n)

la —b|f
3.8)
forallO<|a—b| <2
and
(3.9) E,exp(nZi(a)) <exp(C2E1(2t) - n) foralla e RY.

PROOF. The second claim (3.9) follows from Lemma 3.4 in Sugitani (1989).
To prove (3.8), following (3.34) in Sugitani (1989), for a random variable X we
say that

oo
Eeso) =esp( L
n=1
holds formally if for all k > 1, E| X |* < oo and
Exk (dk (eXP(Xy— cnn"»)
dnk
By (3.38), (3.45) and (3.48) in Sugitani (1989), we have formally

n=0

(3.10) E, exp(n(Zi(a) — Z(b))) = exp(2 Z(g) (e, vnt, .))),
n=2

where for n > 2, and x € R9,

[vn (2, x)|
(3.11)

2t
< by -la = bR [T IRy a — )+ ptb— ) ds,
0
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and {b,} are defined inductively as follows:
n—1
b1=C4>0,  by=CsY bibyi.
k=1
Using the proof of Lemma 3.4 in Sugitani (1989), if we let f(n) = > oo ; bun",
then for some § > 0,

— /1 —=4C4Csn <C

1
_ 2 _
fm) —Can=0Csf(n)”, f) = >Cs

(3.12)
for0 <n <.

This shows that ), b,n" has a positive radius of convergence, and the formal
equation (3.10) is indeed an equation when 7 is sufficiently close to O because
the Taylor series for the analytic function on the right-hand side is given by the
left-hand side. Relation (3.8) then follows easily from the upper bounds (3.11)
and (3.12). O

COROLLARY 3.6. Under the assumptions of the previous lemma, for any fixed
T > 0, there exist constants ng = no(8,T) > 0,C; = C; (B, T) > 0 such that for
all 0 < n < no,

E,ex (nlLT(a) — L7(b)|

) <2exp(C1E2(2T)n)

la —b|f
(3.13)
forallO<|a—b| <2
and
(3.14) E,exp(nLt(a)) <exp(C281(2T)y)  foralla e R,

PROOF. Relation (3.14) follows easily from (3.9). As for (3.13), by (3.8) and

the elementary inequality e/l < ¢* 4+ ¢7¥,

E. ex (nlLT(a) - Lr(b)l)
a la —blP

— b
<2exp(C1E2,(2T)n) - exp(n|(MQT)|(Z)_ brqu)( )|>.

By (3.44) in Sugitani (1989) we have for all x, y and ¢ > 0,

|pe(x) — p )| < c(B)P2x — y1P (par (x) + par (1)),
and so

|(gr) (@) — (ngr) ()|
< Cla—b|? f ' / 1P/ (py(a — x) + par (b — X)) u(dx) ds
- 0 X

<Cla—b|P2,02T). O
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LEMMA 3.7. Suppose that Y (x) is an almost surely continuous random field
on R? such that for some n >0 and B > 0,

(n|T(a) — T ()|
X —_—
la —blP
Eexp(nY(a)) < Ca, foralla e R?,

(3.15) ) <Ci, forall0 <la—b| < ﬂ; and

Let M| = max,eg, ) Y(a) [QL(0) is the cube of side length L centered at 0].
Then for all L € N and m > 0,
(3.16) P(My >m) < (C1e2/8 4+ Cy) LY exp(—%),

14
where y = 8dP/?. In particular, for any K > 0, there exists C > 0, depending only
on K, Cy, Cy and B, such that forall L > 1 and » > 1,

A+ log L
(3.17) P(ML > c&) <o K
0

PROOF. Inequality (3.17) follows by plugging CM%L

as m into (3.16) and

noticing that when C is large enough, the factor exp(—z(lc—i‘y) - Clli%/L) would

be smaller than [(Clezd/ﬂ + Cz)L"’]_l for all A, L > 1. Furthermore, it suffices
to prove (3.16) for L =1 as the results then follow trivially by dividing Qy (0)
into unit cubes. We apply Lemma 1 of Garsia (1972) with p(u) = ub, W) =

exp(Z), 01 = 01(0) and

B=/Q1/Q1 exp<n|T|(;C)__y|Tﬁ(y)|>dxdy.

It is easy to check that this B satisfies the hypothesis of Lemma 1 in the above
reference. That result, or more precisely (10) in the proof, implies

1
My <Y(0)+ 8/0 ! (u%) d(u®)
y 1
<Y(0) + —[log(B) + Zd/ log(l/u)d(uﬁ)}
n 0

= YO+ [log(B) + 2d/p))

Therefore for x > 0,
P(M; > (14 y)x) < Caexp(—nx) + P(log(B) > nx — (2d/p))
< Crexp(—nx) + E(B)exp((2d/B) — nx)
=(C2+ CleZd/ﬂ)efnx,



272 S. P. LALLEY, E. A. PERKINS AND X. ZHENG
which is (3.16) for L = 1, and where (3.15) is used to see that E(B) < C;. U

Combining Lemma 3.4, Corollary 3.6 and Lemma 3.7, we obtain the following
for the local time L of the super-Brownian motion Y.

PROPOSITION 3.8. Forany T >0, M >0, K >0, A >0 and ro > 0, there

exists a constant A”, depending only on (T, M, K, A, ry), so that for all . > 1 and
all (A, A, ro)-admissible 1 € M(R?) satisfying || = A, the local time, LT (x), of
the super-Brownian motion Y* satisfies

PM( max L7(x)> A”)de()»)> <e K2
|x|<Me*

where k4(A) is defined in (3.7).
PROOF. By Lemma 3.4 and Corollary 3.6, for any fixed 0 < n < ng, if we
let n(A) = n/ka(X), then for some fixed C1 and C», for all A > 1, the assump-

tions (3.15) hold for the random field L7 (x) and 0 < 8 < 2 — d/2 by replacing n
with 1(A). The conclusion then follows from (3.17). O

3.3. Local time densities of supercritical super-Brownian motions. In this and
the following subsection, ¥ = Y'* is a super-Brownian motion with drift one start-

ing at an initial state u, let Pl :L ‘0! be its law. Further denote by PO P/S 8 !

the law of a (driftless) super—Browman motion starting at u. By Lemma 2.1 we
have

4P ® MOy — 2 [ via
Ty c=exp(MP() = 3 [ Iwilds),

where M' denote the martingale measure under P! i =0, 1, and therefore
t

(3.18) M) =)+ [ 1¥lds.
0

LEMMA 3.9. Forany K >1,T >0, A > 1 and n € MRY) with || = A
5eT
(3.19) E (qDT 1(@T>el(k)) < 7

PROOF. Using (3.18) we see the above expectation equals

Ep(@r Lm0 v ds=kn) = (MT(1)+ / IYlds>KA>

_AELMEDP)  Ej(y Y] ds)
- K2\2 KX
drEe’ =1 re' -1 5
K2\2 KX K
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PROPOSITION 3.10. For any fixed T > 0 and any € > 0, there exist constants
A=AT,e)>0and ro =ro(T, ¢) € (0, 1] such that for all .. > 1 and all n with
lul =2,

(3.20) P, (Y7 is (A, A, ro)-admissible) > 1 —e.

PROOF. Let Gr, denote the event in (3.20). For T, ¢ as above choose K =
K(e, T) > 2 so that

and then choose A and rg as in Corollary 3.3 for this choice of K and T, so that
they depend ultimately on 7 and e. Then the previous lemma and Corollary 3.3
imply that

Py(G%,) = Ep(®r - 1g5.)

0 AK /2 p0
< EQ(®P1 - Lgpspki) +e /PM( )

<10eT /K 4+ e K/2 < ¢,

where the choice of K is used in the last inequality. [J

The same reasoning, but now using Proposition 3.8 in place of Corollary 3.3,
gives the following proposition.

PROPOSITION 3.11. For any positive constants T, M and ¢, A > 0 and ro >
0 there exists a constant A", depending only on (T, M, ¢, A, ry), so that for all
A >1andall (A, A, ro)-admissible (. € M(R?) satisfying || = A, the local time,
L7 (x), of Y* satisfies

Pi( max Lr(x) < A"ha())=1-e.
|x|<Me*

3.4. Propagation of supercritical super-Brownian motions. We continue to let
Y = Y* be a super-Brownian motion with drift one starting at x, and let P;l denote

its law. Recall that for x € Z¢, Q,(x) denotes the cube of side length r centered

at x, and Q(x) := Q1(x).

LEMMA 3.12. For any T > 1 and ¢ > 0, there exists a constant M =
M(T, ) > 0 such that for any A > e and any u satisfying || = A and Supp(un) C
0(0), we have

P(Supp(Y10. T1) € Qs /iogz (@) = 1 —&.
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PROOF. This is a direct consequence of Theorem A in Pinsky (1995). [

Write NV (0) = {x € Z% : || x||; = 1} for the nearest neighbors of the origin in Z<.
Fix a T sufficiently large such that

3.21 min  min el (1o * >2,
(3.21) XGN(O)yGQ(O)e Aow) * pr)(y) =

where p;(x) is the Gauss kernel in (1.3), and * denotes convolution.

LEMMA 3.13. Forany e > 0 and T as above, there exists .o = Lo(T,€) >0
such that for any u satisfying Supp(n) € Q(0) and || = X > Ao,

P (Y7(Q(x) = A forallx e N(0)) > 1 —e.

PROOF. By a well-known moment formula [see, e.g., Exercise 11.5.2 in
Perkins (2002)], together with the assumption that Supp(ux) € Q(0) and (3.21),
for any x € N (0),

EYr(Q()) =el (u, 1g() * pr) = 2|ul =24
and

T
Var(Y7(Q(x))) < 62T<M, /o (Lo@) * PT—5))” * Ps dS>-
Consequently, by the Chebyshev inequality,
1
P(¥r(0) =2) = P(|¥r(Q(0) — EYr(Qw)| = 5EYr ()
_ 4T, Jy (Aoe * par—s)? * ps ds)
- (20)?
< CT)»_I.

The conclusion follows. [

4. A weak form of local extinction and its consequences.

4.1. A weak form of local extinction. Let Vg =m%/2/T(1 +d/2) be the vol-
ume of a unit d-dimensional ball.

PROPOSITION 4.1. There exists k < oo such that for any 0 € R,y > 0 and
K eC, (R4, Ry), if X solves (MP)Z”II’(V and p satisfies Assumption 1.1, then for
any N > 1,

2|

PRI Va(ie +207)(N +1)¢

“4.1) E(Lso, 18y (0)) <

and

4.2) E(L2, 15,0)) < 4lul + Va(k +207)2(N + 17
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PROOF. First, observe that there exists k > 0 such that for any N > 1 there
exists a function ¢ = ¢y € C? such that

4.3) |Apl <Ko and 1py) <@ <1, (-

For example, set ¢(x) = ¥ (|x|) where ¢ = ¥5:R — [0, 1] is a smooth, even
function bounded above and below by the indicators of [-N — 1, N 4+ 1] and
[-N, N], monotone on [—N — 1, —N] (and therefore also on [N, N + 1]), and
such that (e.g.) ¥(x) = (x + N + D* for x e [-N — 1,—N — 1/2]. Because
@€ C?(Rd), the martingale identity (1.5) applies (with 8 = 1), so after taking
expectations, we obtain

1 t
E(Xt, @) =1, )+ S E(Ls, Ap)+OE(Ls, ) — E{Li, Kg) — E/o (X, Lsg) ds.

A routine integration by parts shows that

/t<x Lyp)ds = 1(L2 )
0 S S(p § = 2 to (0 .
Since |Ag| < k. /¢ and (X;, ¢) > 0, it follows that
—2(1, ) <KE(L;, /@) +20TE(L;, ¢) — E(L2, ¢)
(4.4) < (kK +207)E(L,, /o) — E(L?, ¢)
< (k +201)E(Li. /o) — (V7 (N + D7) (E(Li. V)

the last by Cauchy—Schwarz and the fact that ¢ has support contained in By 1(0).
This clearly gives an upper bound on E(L,, ,/¢) that is independent of ¢. In fact,
(4.4) implies that

2
(E(Lz, Vo) — lVd(N + D4k + 29+))

[

< —(Va(N + D) (k +20) +2(uu, @) Va(N + 1)?

— 4
o 2w )2
( Va(N + D9 (i +260 )+7(K+29+)
and hence
E(L:, /o)
1 d + (l d +y o 2 e) )
§2Vd(N+1) (k +207) + 2Vd(N+l) (k +26 )+(K+29+)

2u(p)
K+ 20T

= Va(kc +207)(N + D9 +
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Letting r — oo yields

2u(e)
Kk +20t°

Relation (4.1) follows, since ,/¢ bounds the indicator function of By (0). Finally,
by the second inequality in (4.4),

E(L3,, ¢) <2l + (k +20%) E{Loo, \/9)-
Relation (4.2) follows from (4.5). [

(4.5) E(Loo, /&) < Va(k +207)(N + 17 +

REMARK 4.2. The above proposition easily shows that each of the terms on
the right-hand side of (1.2) converges a.s. as t — 00. Therefore X;(¢) converges
a.s. as t — oo and clearly the limit must be 0 by the above. This shows that X;(K)
approaches 0 as t — oo for all compact sets K a.s. Our Theorem 1.3 asserts a
much stronger result, namely that X,(K) = 0 for large enough ¢ a.s.

4.2. Universality of the critical values 6.. For any p satisfying Assump-
tion 2.10, if X solves (1.2) with 8 < 0, then P (X survives) = 0 because X is dom-
inated by a critical super-Brownian motion (by Proposition 2.5), which goes ex-
tinct almost surely [see, e.g., equation (5.7) in Feller (1951) or (I1.5.12) in Perkins
(2002)]. Lemma 2.16 and Remark 2.17 therefore imply that for any such u and any
function K € C), (R4: R), there is a critical value 6. (., K) € [0, oo] so that a spa-
tial epidemic X with suppression rate K and transmission parameter 6 [see (1.5)]
survives with positive probability if 6 > 6.(u, K) and with zero probability if
0 <6.(u, K).

PROPOSITION 4.3. The critical value 6.(uu, K) depends only on the di-

mension d and not on the choice of 0 # u satisfying Assumption 1.1 or K €
CpRYRy).

PROOF. In this argument 6 will be fixed and y = 1, so we suppress the de-
pendence of the laws Pﬁ:}(’y on 6 and y. By Theorem 2.2, for any measure
w € M:(R?) satisfying Assumption 1.1 and any two suppression rate functions
K,K' eC » (]Rd; R, ), the laws P, x and P, g/ are mutually absolutely contin-
uous on ]:tX, with Radon-Nikodym derivative (2.8). Since K and K’ both have
compact support, inequality (4.2) of Proposition 4.1 implies that the integrals in
the likelihood ratio converge, so that

dP, g
lim ( K ) =Y
t—00 deL,K e

exists and is positive P, g -almost surely. Hence, by Fatou’s lemma,

PM,K/(X survives) = t1—1>rgo P,u,K’(|XI| > O) = EM,K(YI{X survives})-
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It follows that if X survives with positive P, g probability, then it also survives
with positive P, g probability. Reversing the roles of K and K’ shows that the
reverse is also true. Therefore, the critical value 6 (i, K) does not depend on K.
To complete the proof, it suffices, in view of the preceding paragraph, to prove
that if X survives with positive probability under P, o, then it survives with posi-
tive probability under P, ¢ for v # 0. By the Markov property [Theorem 2.2(d)],

P,.0(X survives) = E, o(Px, 1, (X survives)),
and similarly for P, o. By the argument of the preceding paragraph,
Px, 1,(X survives) >0 <<= Px, o(X survives) > 0,
so for both w = and w = v,
P,0(X survives) >0 <<= E, o(Px,.0(X survives)) > 0.

But the laws of X under P, ¢ and P, o are mutually absolutely continuous. (This
can be seen as follows. First, by the absolute continuity results in Evans and
Perkins (1991) [see, e.g., Theorem 1I1.2.2 in Perkins (2002)], if P, and P, are
the laws of super-Brownian motions with initial conditions p and v, then the dis-
tributions of X under P, and P, are mutually absolutely continuous. Second, by
Theorem 2.2(a), for any initial measure w the measures P, and P, o are mutually
absolutely continuous.) Therefore,

Py o(X survives) >0 <<= P, o(X survives) > 0. ]

Note that the above arguments do not require u to satisfy the stronger Assump-
tion 2.10, instead just the original Assumption 1.1.

4.3. Extinction in dimension one.

PROPOSITION 4.4. Ifd =1, then for every 6 € R and every initial measure |
that satisfies Assumption 1.1, the solution X of the martingale problem (1.2) dies
out almost surely.

PROOF. First, by Proposition 2.5, on some probability space there is a version
of the process X and a super-Brownian motion X with drift @ such that Xg = X =
wand X; <X, forall t > 0.

By a result of Pinsky (1995), there is a positive constant C = Cg < oo such
that almost surely the support of the random measure X is eventually contained
in the interval [—Ct, Ct]. Since X dominates X, the same is true for X. Now by
Lemma 2.15, on the event that X survives, the total mass of the measure X; must
diverge. Because this mass is (eventually) contained in [—Ct, Ct], it follows from
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L’Hospital’s rule that on the event of survival, the occupation density process L;(x)
must satisfy

Ct 1

1 t
- L,(x)dx:—/ | Xy | du — o0.
tJ-cCt tJo

Hence, if there is positive probability of survival, then

Ct
-FE L,(x)dx — o0.
t —Ct

But this contradicts (4.1) in Proposition 4.1. [

5. Proof of survival when d =2 or 3. In this section we prove that in dimen-
sions 2 and 3, for all sufficiently large values of the transmission rate 6, spatial
epidemics—that is, solutions of the martingale problem (1.2)—survive with posi-
tive probability. By Proposition 4.3, the critical value 6, for survival in dimensions
d = 2,3 does not depend on the initial mass distribution w; hence it suffices to
prove that for some finite measure , there is positive probability of survival. The
proof will make use of an auxiliary 3-dependent site percolation process: this will
be constructed in such a way that if percolation occurs with positive probability,
then the epidemic must survive with positive probability. We will show that by tak-
ing 6 sufficiently large, we can make the density of the site percolation arbitrarily
close to 1. Since percolation occurs with positive probability in a site percolation
process when the density is near 1 [see, e.g., Theorem 4.1 of Durrett (1995)], it
will follow that for large values of 6 the epidemic process will survive with posi-
tive probability. We refer the reader to Chapter 4 of Durrett (1995) for terminology
and a general framework for such comparison arguments.

5.1. Scaled process. We assume d = 2 or 3 throughout this section. Let X be
a spatial epidemic process with transmission rate 6 and initial mass distribution p,
that is, a solution to the martingale problem (1.2). It will be convenient to work
with a rescaled version of the spatial epidemic defined as follows: for any 6 > 0,

U($) =0X,0(w(v8)  forall ¢ € C2(RY).

The effect of this rescaling is described by Lemma 2.27: in particular, U sat-
isfies the martingale problem (MP);’%’1 with B = 0€=9/2 and i defined by
[V (x)dfi(x) =6 [ (+/6x)du(x). For notational ease, we will use the notation

(5.1) B=pB)=04"972

in this section, and we will drop the tilde on the initial measure ©. We will show
that when 6 is sufficiently large, for a suitable initial condition u, the process U
survives with positive probability.
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5.2. Sandwich lemma. By Lemma 2.25, a spatial epidemic process can be
bounded below and above by super-Brownian motions with different drift terms
up to the time that its local time density exceeds some threshold. We now explain
how the result of Lemma 2.25 translates to the rescaled processes.

For any p € M. (R?) satisfying Assumption 2.10, and any function K €

C,,(Rd, Ry), let U be a solution of the martingale problem (MP)L”’BIQI, that is,
the spatial epidemic with transmission rate 1, branching rate 1, inhibition parame-
ter 8, local suppression rate K and initial mass distribution p. In addition, for any
fixed constant k > 0, let U and U be super-Brownian motions with drift 1 and drift
1 — B - k, respectively. Denote by M and M the orthogonal martingale measures

associated with U and U, respectively.

LEMMA 5.1. Versions of the processes U, U and U, all with the same initial
condition [, can be built on a common probability space in such a way that

U, <U <U, forallt<rt,
where

T= inf{t >0: (m;lx K(x)) + (me,BLAU,x)) > ,BK].

PROOF. This follows by first rescaling U, U and U as in Lemma 2.27 so that
the B8 parameter becomes 1, and the drift parameters (or transmission rates) of U
and U become (1 — B«) and 6, respectively. Then one may apply Lemma 2.25 to
the rescaled process. Finally undoing the scaling leads to the required conclusion.

O

By Lemma 2.1(a), the law of U is absolutely continuous with respect to that
of U, and the likelihood ratio on F; is

— 2,2 r__
(5.2) LR’,‘:eXp{—,BKM,(l)—ﬁTK/O |Us|ds}.

5.3. Percolation probability estimates. Recall that O, (x) denotes the cube of
side length r centered at x, and, as before, we abbreviate Q(x) := Q1(x). The
auxiliary site percolation processes will be constructed by partitioning the space
R into cubes Q(x) of side length 1 centered at lattice points x € Z¢, and then
using the behavior of the superprocesses in the cube Q (x) to determine whether the
site x will be occupied or not in the auxiliary percolation process. Roughly, a site
x will be occupied if, within a certain fixed amount of time T < oo, the measure-
valued process U started from a certain initial mass distribution supported by Q(x)
manages to generate a sufficiently large total mass in each of the adjacent cubes
QO (y) while simultaneously not accumulating too much local time. The objective
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of this section is to develop estimates that will allow us to conclude that if 6 is
large (hence g is small), then x is occupied with high probability.
Define the grid I" to be Zi when d = 2 and Zi x {0} when d = 3, where

Zi = {x =(x1,x2) eZz:x,- >0,i=1,2}. For x,y € I', we say that

(5.3) {if lxllt <lyllt or

lxlli =1yl and x1 < y1.

Here ||x||1 := ), |x;| is the £;-norm. This defines a total order on I', and so the
points of the lattice can be enumerated as 0 = x(1) < x(2) < ---. The notation
x <y is understood as x < y or x = y. Define A(x) to be the set of y € I" such
that x < y and ||x — y||; = 1. In other words, when d = 2, for any (x1, y1) € Zi,
A((x1, y1)) = {(x1, y1 + 1), (x1 + 1, y1)}; and similarly for d = 3. We shall call
any y € A(x) an “immediate offspring” of x, and x an “immediate predecessor”
of y.

Fix T so large that (3.21) holds. For any ¢ > 0, let A(e) = A(T, ¢) and ro(e) =
ro(T, €) be the constants specified in Proposition 3.10. For any measure-valued
process X with local time density L;(X), and foranyx e ', M >0, x > 0,1 >0
and & > 0, define the following events:

FY(M; X, x) = {Supp(L7(X)) € Om(x)};
FX(x; X) = {mngT(X, y) < X};

F3(X,x) ={X7(0Q()) > |Xol, forall y € A(x)};
F(e; X) = {X7 is (A(e/4), | Xo|, ro(e/4))-admissible}.

(5.4)

Observe that these events depend on the choice of 7. For brevity we will write
Flon=F' 0.0, Fo=Ful, F=F®U0 ad
Fl(e) = F4(e; D).

Define functions

01/2 whend =2
5.5 ) = ’ ’
(5-5) fa(®) {loge, when d =3
and
M=MM,0)=[M/log f4(6) +1] and
(5.6)

x =x(A",0) = A" fa@)ka(fa(®)),

where «4(-) is the function defined in (3.7).

LEMMA 5.2. For any gy > 0, there exist positive constants 6y, M and A",
depending only on T and &g, such that if 6 > 6y, then for any initial measure
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p supported by Q(0), of total mass |n| = fa(0) and (A(eo/4), fa(0), ro(eo/4))-
admissible, the super-Brownian motion U with drift 1 and initial mass distribution
W satisfies

(5.7) PF HNF ()NF NF(e0)) > 1 — e

PROOF. This is a direct consequence of Lemma 3.12, Proposition 3.11,
Lemma 3.13, and Proposition 3.10. More specifically, by Lemma 3.12, there exists

constant M = M (T, gg) such that P(fl(ﬂ )) > 1 — g9/4. Moreover, by Proposi-

tion 3.11 with &€ = g9 /4, there exists A” such that P(fz(x)) > 1—¢o/4. [Note that
by Proposition 3.11, A” only depends on (T, M, &g, A, ro), and in our case the M,
A and ry all only depend on (T, &p), so ultimately A” only depends on (T, &).]
Next, by Lemma 3.13, there exists 6y > 0 such that for any 6 > 6,

(5.8) P(F) > 1—eo/4.

Finally, by Proposition 3.10, as long as 0 is such that f;(0) > 1, P(f4(eo)) >
1—gp/4. O

The next result explains the choice of f;(6).

COROLLARY 5.3.  For any positive constants 0, M and A", let U = U%* be
the super-Brownian motion with drift 1 — Bk and initial mass distribution |1, where

(5.9) K= M2y =[M[flog £16) +1]* - A" f4(0)ka(f4(6)).

Then for any gg € (0, 1), there exists 8y > 0 such that if 0 > 6y and if the initial
condition p is supported by Q(0) and of total mass || = f7(0), then

(5.10) P(F3(U,0)) > 1 —3¢/2.

PROOFE. Let F(gg) = {LRT} <1 + &o} for the likelihood ratio LR} defined
in (5.2). Using the fact that M, (1) = M,(1) — Bk fé |U,|ds, we have

EY(LRS A r5 )
7 T
(5.11) =PQ<—,3KMT(1) - (ﬁ2,(z/2)/0 .| ds Zlog(l-i-go))
T
_ pu<—ﬁKMT<1) L) /O U, ds > log(1 + 80))

Here and below we use EU and PU (EY and PY, resp.) to indicate that the ex-
pectation and probability are taken with respect to the law of U (U, resp.). Since
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forany s > 0, EY(|U,|) = |Ule'! =P [see, e.g., equation (5.4) in Feller (1951)],
we have that

T T
EY fo U, |ds < £4(60) /O ¢ ds < Cr f4(6).

This and the definitions of 8 [in (5.1)], ¥ and f; imply that EQ(,BQK2 fOT |U,lds) =
o(1) as 6 goes to infinity. Since S« M (1) has quadratic variation ﬂ2K2 fOT |U,|ds,
we see from the above that both terms inside the PY-probability in (5.11) ap-
proach O in probability as 8 — oo. It follows that there exists 6y > 0 such that for
any 6 > 6, EU(LR’% 1(p5(g9))c) < €0. Therefore by (5.8), the complement of the
event F3(U, 0) has probability bounded above by

RIN)

7 .
g0+ EV (LRT LRy <14eq) - 1o ) S0+ (1 +e0) - < =7 0

Combining the sandwich lemma (Lemma 5.1) and the previous two results we
obtain:

PROPOSITION 5.4. For any gy > 0 there exist positive constants 6y, M, A”
such that, for any 6 > 6y, any initial condition wu satisfying the hypotheses of
Lemma 5.2 and any K € C), (R4, R,.) such that

K@) +Bx 1o @) <Bx  forallx eR?,
the process U solving (MP)L”%1 satisfies
(5.12) P(F'(M;U,0)N F?*(x; U) N F3(U,0) N F*(e; U)) > 1 — 3¢y,

where the events F' (i =1,2,3,4) are defined as in (5.4) by replacing X with U
and x with 0.

PROOF. On the event fl (M) N fz()(),
Lr(U,x) < x - 1oz ().
Therefore by the assumption on K and Lemma 5.1,
U ,<U <U, forallt<TonF (MNF (x).

The required bound now follows from Lemma 5.2, Corollary 5.3 and an elemen-
tary argument. [
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5.4. Proof of survival.

PROPOSITION 5.5. For some finite measure (. and some 6 < oo, if U solves
(MP) 5" with B = 0©=D/2, then

P (U survives) > 0.

PROOF. Fix a T so that (3.21) holds. Fix &9 > 0 small enough such that any 3-
dependent oriented site percolation process on Zi with density at least (1 — 6¢¢)
has positive probability of percolation. For this gg, let 6 > 8y, where 6 is as in
Proposition 5.4. Then choose a measure p so that it satisfies the hypotheses of
Lemma 5.2 with &g specified as above. Let L;(x) denote the local time density
of U, and let Lo (x) = lim;_, o0 L;(x) forall x € R?, By Lemma 3.12 and (a scaled
version of) Proposition 2.5, almost surely,

Lo is not compactly supported =— U survives.

It therefore suffices to show that L., is not compactly supported with positive
probability. To do so, we will specify an algorithm that produces a (random) set €2
consisting of integer sites such that:

(1) Loo(Q(x)) > 0forall x € 2;
(i1) €2 is infinite with positive probability.

The set €2 will be the connected cluster containing the origin in a 3-dependent site
percolation process with density > 1 — 6¢g.

Let us first give an overview of the algorithm. Recall that the grid I" is defined to
be Zi when d =2 and Zi x {0} when d = 3. Initially all sites x € I" are designated
vacant (i.e., Q2 = &). Our algorithm relies on the comparison in Proposition 2.24.
Starting from the origin, following the total order 0 = x(1) < x(2) < ---on I
introduced in (5.3), we shall define stopping times 7;, random measures u;, v; and
suppression rates K *. Proposition 2.24 allows us to couple U with another process
U*, which, on any time interval between two successive stopping times, is a usual
spatial epidemic process. The set 2 will be determined by U*. Proposition 2.24
ensures that LtU > LlU ", which will be used to ensure property (i). Depending on
how U* behaves for r € [1;_1, 7;], we may change the status of site x = x (i) from
vacant to occupied, and add x to the set 2. Roughly speaking, this will be done if
and only if the spatial epidemic U;" for ¢ € [t;_1, 7;] succeeds in (1) putting enough
mass in adjacent cubes at time 7; and (2) accumulating only a small amount of
local time. On the event that the status of site x is changed to occupied, for each
successor y € A(x), we will be able to extract a “nice” mass distribution @” in
such a way that if a spatial epidemic is initiated by w”, then it will have high
probability of making events (1) and (2) occur, in other words, so that site y will
also be added to €2 with high probability. By keeping this probability above the
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percolation threshold we will ensure that the random set €2 consisting of all the
occupied sites will be infinite with positive probability.

We now introduce some notation. In addition to 6y, assume M, A” are as in
Proposition 5.4, so that (5.12) holds. In the algorithm, we will repeatedly use
stopping rules T = 7(Y; ¢; R) defined as follows: for a measure-valued process
Y e C‘(I[O, 00); M.(R%)) with local time L,Y, a threshold ¢ > 0, and a region
R C R4,

(5.13)  1t(Y;¢;R) = inf{t :m)?xL,Y(x) > ¢ or Supp(L)) ¢ R} AT.

We will also repeatedly use the notation F!, ..., F* as introduced in (5.4) to define
the so-called “good events.” For notational ease, for each i =1, 2, ..., associated
with site x(i) in the above overview, we write U/ = Ui, fort >0 (ie., the
process U™ shifted and restricted to ¢ > t;_1), and

(5.14) G'=F'(M; U, x()) N F?(x; U N F3(U', x(i)) N F*(g0; UY).
The event G’ will be called a “good” event. In plain language, ignoring the tech-

nical restriction F*, on such a good event, before time T, the spatial epidemic U i
has not accumulated local time density more than x - 194 (x(i)), and in the mean-

while, at time 7, it spreads at least |U6| amount of mass in all the cubes Q(y) for
y e Ax(@i)).

Now we describe our algorithm in detail. In order to apply Proposition 2.24, we
need to define four sequences: random measures u;, v;, suppression rate functions
K and stopping times 7;. The random measures j; and v; will be defined through
an auxiliary random measure sequence w;. The suppression rate functions K will
be deterministic functions as follows: KE'; =0,and fori > 1,

1
(5.15) Kf=Bx" D logwiy-
j=1
Observe that for each i, K is a summation of moving windows and is bounded by
Bk everywhere [recall that « is defined in (5.9) and note each point is covered by
at most M? cubes of the form 0 7 (x) for centers in our 2-dimensional grid].

We start with site x(1) = 0. The 19, o and vy are all deterministic: g = 0,
o= and vg =0. Let 71 = (U X, Q(x(1))). By Proposition 5.4, the good
event G occurs with probability > 1 — 3&q. Observe also that 7 > 0 almost surely
and 7; = T on G'. If the good event G! occurs, then we change the status of site
0 to be occupied. Further define

3 _
2. T om Un-(new@) if G! occurs,
ey Un-(QQ@)

0, otherwise.

(5.16)  wy=

We now work with site y = x (i) for i > 2. We proceed according to whether the
site y is an immediate offspring of some occupied site or not.
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Case 1. Site y is an immediate offspring of some occupied site. Define

(5.17) (i1, vi—1) = (wi—1(- N Q(), wi—1(- N Q(Y))).

Then p;—1 is a measure supported by Q(y), of total mass |u| = f;7(8), and
(A(eg/4), fa(0),ro(eo/4))-admissible. Let 7; = 7,1 + (U x, O (y). By
Proposition 5.4 (with an apparent spatial translation), the good event G’ occurs
with probability > 1 — 3gg. Observe also that 7; — 7;_; = T on G'. If the good
event G' occurs, then we change the status of site y to occupied. Moreover, ac-
cording to whether G’ occurs or not, we define w; as follows:

L o
l + ‘L"— ' m ’ fGl ,
(5.18) w; = : e%(: : U* “(0) T (-NQ®@) if G' occurs

Vi—1, otherwise,

where
A(y) = {z € A(y):z ¢ A(u) for u which is occupied and < y}.

Case 11. Site y is not an immediate offspring of any occupied site. Then we set
(Hi—1,vi—1) =0, w;—1), 7 =71 and w; = w; 1.

In either case at time t; we proceed to site x (i + 1).

It is easy to see that such defined w;,v;, K and 7; satisfy the conditions of
Proposition 2.24, and therefore the processes U and U* can be coupled such that

LY>LY"  forallt>0.

Now if we let 2 be the set of all occupied sites, then by the algorithm above, for
any x = x(i) € €,

LY (0) = LY () - LY (o)) >0,

and hence 2 satisfies condition (i).

We now show that €2 is infinite with positive probability. Define a site percola-
tion on I" as follows: for each x € I, if x is occupied, then we let £(x) = 1 if both
y € A(x) are occupied, and = 0 otherwise; if x is vacant, then we let £(x) be a
Bernoulli(1 — 6¢g) random variable that is independent of everything else.

We know that the origin is occupied with positive probability. We claim that
on the event that the origin is occupied, 2 contains the collection of sites reach-
able from the origin. We may assume that £(0) = 1 since otherwise we are done.
But when 0 is occupied, £(0) = 1 implies that both y € A(0) are occupied. By
induction the conclusion follows.

It remains to show that the above defined site percolation is a 3-dependent site
percolation with density at least (1 — 6¢g¢), that is, we need to show that for any
n>1landany 1 <iy <--- <i,suchthat ||x(i;) — x(ix)ll1 >3,

P(§(x(ij))=0forall j=1,...,n) < (6gp)".
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Since when a site x is vacant, £(x) is a Bernoulli(1 — 6g() random variable inde-
pendent of everything else, we need only to show

(5.19) P(§(x(ij))=0forall j=1,...,nlall x(i;)’s are occupied) < (6¢0)".

Let us first consider the n = 1 case. When x := x(i1) is occupied, by construc-
tion, each y € A(x) is occupied with probability at least 1 — 3¢, hence the proba-
bility that both y € A(x) are occupied is at least 1 — 6&y. Equation (5.19) follows.

In general, for each m > 0, we define G, to be the o-algebra generated by
{U/:0 <t < 15}. Then for each i > 1, the good event G' is measurable with
respect to G;, and hence the Bernoulli random variable & (x(i)) is measurable with
respect to Gy where £ is the index of the second y € A(x(7)). Now since x(i;)’s
are at least distance 3 from each other, if we let £; be the index of the second
y € A(x(i;)), then

bi <ty —2 for all j <n.
Hence by further conditioning on Gy, 2, (5.19) reduces to the n = 1 case and hence

holds. O

6. Proof of extinction whend =2 or 3. As the title suggests we shall assume
d = 2 or 3 throughout this section.

6.1. Scaled process.

PROPOSITION 6.1. Suppose U is such that for each r € C?(Rd),

o t t
Ui¥) = Vo) + 5 /O Uy(Ay)ds + e /0 U () ds
(6.1)

t
—p [ ULY ) ds+ STMW).
where M; () is a martingale with quadratic variation [M (¥)]; = fé Us(glrz) ds.

There exist positive constants ey and ¢ such that if the initial condition Uy belongs
to the class

(6.2) C:={p satisfying Assumption 2.10, Supp(u) C Q(0), and || =2},
and the positive parameters o, €, B and y satisfy Assumption 6.2 below, then

P (U dies out) = 1.

ASSUMPTION 6.2.

1
egid, max(s,g,ﬁ)gso and min( 2,3—,—,é>z§.
2-3 Yy v Y v

™
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We denote by P;f’g’ﬁ’y the law of U satisfying (6.1) with Up = u € C. Then we
can rephrase the conclusion of Proposition 6.1 as

pa,e,ﬂ,y =0,

where

(6.3) peePY = sup Plff’s’ﬂ”’(U survives).
neC

When there is no confusion about the initial configuration p, we omit p and write
P& and sometimes just write P. Note that P*#%7 denotes the law of a
Dawson—Watanabe process without any local time killing, and P% %97 the law
of driftless Dawson—Watanabe process. By (a scaled version of) Proposition 2.5
we see that when 8 > 0,

(6.4) Uu,s,ﬁ,y < Uot,s,O,y,

where U%¢#7 has law Py Py ey has law P and the above notation

. . a.e,B,
means we can define versions of these processes on the same space with U, by <

U/ “07 for all ¢ > ( almost surely. Furthermore, by Lemma 2.1, the laws Pg 2.0y

and Py 007 are related to each other via the likelihood ratio

dPﬁ’g’O’y £ g2 ot
7(U)' =exp<—M (1)——/ |U. |ds>.
PO, O Ty

We introduce the following notation:

Vi=|Uil,  w=inf{t:Supp(Ly)  Q3(0)},

and for any continuous real valued process X and any ¢ € R, we let T.(X) be the
hitting time

(6.5)

T.(X) =inf{t: X; = c}.

Finally, define t to be the first time that V; hits 0 or 4 or that U; exits Q3(0), that
18,

(6.6) T=To(V) AT4(V) A 13.
LEMMA 6.3. 1 < 00 almost surely.

PROPOSITION 6.4. There exist constants ey and ¢ such that if the parameters
a, &, B and y satisfy Assumption 6.2, then

(6.7) sup PSPV (V> 0) < = pe.

e 2.3d°
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We will prove these results in the next subsection. Proposition 6.4 is analogous
to Lemma 2.3.1 in Mueller and Tribe (1994). Once we have the proposition, we
can prove Proposition 6.1 by constructing a sub-critical branching process as in
Mueller and Tribe (1994), or more directly as follows.

PROOF OF PROPOSITION 6.1. Suppose that the positive parameters «, €, 8
and y satisfy the assumption of Proposition 6.4. Let

sup,,cc PP (Ve > 0)
= < 1

r
Pc
By the definition (6.3) of p%&#¥ we can find a u € C such that
1
(6.8) Pﬁ"s’ﬂ’y(U survives) > ip“’g’ﬂ’y.

Let U; satisty (6.1) with Ug = u. For this U, at time t, on the event that V; > 0,
U- is contained in Q3(0) with total mass no greater than 4. We can then decompose
it into no more than 2 x 3¢ parts as

4
U:=) UL,  £=<2x3%
i=1

each of which has support contained in a unit cube, total mass at most 2 and satis-
fies Assumption 2.10. To see this last property, the domination in (6.4), the absolute
continuity in (6.5), and the finite propagation speed of the super-Brownian motion
[see, e.g., Theorem III.1.3 in Perkins (2002)] show that it suffices to prove that if U
is the super-Brownian motion with law P 0.0 then U, satisfies Assumption 2.10
a.s. The last claim follows directly from Theorem II1.3.4. in Perkins (2002).

By the Markov property of the joint process (U, LY) [see Theorem 2.2(d)],

Lemma 2.15, and (a scaled version of) Lemma 2.18,
Pﬁ”s’ﬂ’y(U survives) < E(1(y,>0) - Pg;g’ﬂ’y(U survives)).

Here we are “throwing away” the killing due to LY. By Lemma 2.19 and transla-
tion invariance, the right-hand side is bounded above by

£ £
E(l(vr>o) SoPePrw survives)) <P(V;>0)- E(Z p“’&ﬂ’V)

i=1 i=1
<rip*shr.
Combining this with the previous inequality and (6.8) we get

1+r1

o,&,B, a,&,p,
5 p 'Byfrlp .BV’

hence p*&fY =0. O
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6.2. Proof of Lemma 6.3 and Proposition 6.4. In the arguments below, U is a
process satisfying (6.1) with a fixed initial condition i € C. The bounds in Lem-
mas 6.6-6.9 below hold for all i € C, and hence will lead to the uniform bound in
Proposition 6.4.

First we note that V; = |U;| satisfies the following SDE for some Brownian
motion W:

(6.9) dV; =&V, dt — BU,(LY) dt + YV, dW,.
By an integration by parts,

,3/ ds_'B/L()

When ¢ < t3, by Cauchy—Schwarz, we get that
2

(6.10) g/(LtU(x))zdxz g : %(/L?(x)dx)zzpcﬂ</(;t Vsds) .

We now prove Lemma 6.3.

PROOF OF LEMMA 6.3. Suppose otherwise P(t = oo) > 0, in particular,
P (13 =00) > 0. By (6.9) and (6.10), on the event {73 = o0},

t t 2 t
V,§2+8/ Vsds—pc,B</ Vsds> +ﬁ/ VVydW,
0 0 0

forall r > 0.

(6.11)

Define a sequence of stopping times {r;} by ro = 0 and for i > 0,
. _{dri+1, if V41 <2,
i+l inf{t >r; +1:V;, =2}, otherwise.

CLAIM 6.5. Foralli, r; < oo, almost surely.

Suppose for some i, r; < riy; = oo. Then V; > 2 for all + > r; + 1. There-
fore (6.11) shows that on {73 = oo} the continuous martingale ,/y fé Vs dW
approaches 400 as t — 0o, an event of probability zero. This proves the claim.

For each i Proposition 2.5 allows us to bound V; above on [r;, r; + 1] by a Feller
diffusion with drift ¢ and initial value 2 which does hit O in the next one unit of
time with probability g > 0. This shows P(V hits O on [r;, r; + 1]|F},) > g > 0,
and we therefore conclude that V will hit O almost surely, again a contradiction to
our supposition. [J

Next we prove Proposition 6.4. Define a continuous random time change 7 :
[0, /5" Vi ds1— [0, To(V)] by

(6.12) n,:inf{r:/ Vsds=t},
0
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and let ‘7, =V,,. Then Vt satisfies

To(V)
V,=2+et — ,Bf ds-l—th fortf/ Vi ds,
0

where B; = (;” VVsdW; fort < fOTO(V) Vs ds and may be extended, if necessary,
to a standard Brownian motion. If

(6.13) Y; =2+et — peBt* + VB,
then by (6.10)

~ 3 ATo(V)
(6.14) Vi<Y, fort < / Vids,
0

since the upper bound on ¢ implies n; < 3.
We want to bound P (V; > 0) where 7 is defined in (6.6). Using the comparison
above, noting that by Lemma 6.3 7 < oo almost surely, we get that

PV, >0)
<Pz <To(V), 13 <Tu(V)) + P(t =Tu(V))

< P(r3 < 1/(4e)) + P(1/(4¢e) <13 < Tp(V))
(6.15)
+ P(Tu(V(- A 13)) < To(V))

<P(r3<1/(4e))+ P(T1(V) < 1/(8e) and Tp(V) > 1/(4¢))
+ P(To(Y) > 1/(86)) + P(Ta(Y) < To(Y)),
where in the last line we used that
P(T1(V)>1/®8e), To(V) > 1/(4e) and 13 > 1/(4¢)) < P(To(Y) > 1/(8¢)).

This holds because Vjy = 2, and hence on the event on the left-hand side,
ATy(V) 1/(8e)
/ Vsdszf Vids > 1/(8¢),
0 0

which implies 71,:) < 1/(8¢), and by (6.14), for all r < 1/(8¢), Y; > V, =V, >
0 [since Tp(V) > 1/(4¢)]. Proposition 6.4 will be proved if we can show that all
four probabilities in (6.15) are small.

LEMMA 6.6. There exists a constant C > 0 such that

Pt <1/(4e)) < C/jeXp(;f) + 2«/§exp<2;/§>
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PROOF. By the domination (6.4), it suffices to show the lemma for pee.0.y,
which is then analogous to Lemma 2.1.9 in Mueller and Tribe (1994) where the
conclusion for the d = 1 case is proved. We give here a slightly simpler proof for
alld < 3.

Following Mueller and Tribe (1994) and using (6.5), we get that

P*&0Y (3 < 1/(4e))

(6.16) < E“’O’O’V(l{rssl/mwﬂg1/2<V)} 'GXP( M (1) — / Vs dS))
+ PYEOY(T 1 p(V) < 1/(4e))

</ Pe00y (z3 < 1/(4e))

2¢ g2 [
6.17) x E“’O’O’V(exp<ﬁMr3(l)—7/0 Vsds)'l{‘[3§1/(48)/\T£]/Z(V)})

+ Pa’s’O’V(Tg—l/z(V) < 00).

A scale function [see, e.g., Proposition VII.3.2 and Exercise VII.3.20 in Revuz
and Yor (1999)] for V when g = 0 is given by s(x) = y (1 — exp(—2¢ex/y))/(2¢)
and so

8,0,y . s(2) —s(0) _ 1 —exp(—4e/y)
6 18)P (Tt V) < o0) = s(e=1/2) —s(0) 1 —exp(—=2€/y)
ol =2Jeexp(2v/e/y).

= el exp(—22/7)
We will use Theorem 1 of Iscoe (1988) to bound P* 007 (13 < 1/(4e)) <
P*00-Y (73 < 00). To do so, we make another scaling: let

Ui(y) = M for all € C2(RY).

Then by Lemma 2.27, U satisfies the assumptions of Theorem 1 in Iscoe (1988),
and

U (Q50) >0 = T (0 15750) >0.
Hence by Theorem 1 in Iscoe (1988) and the fact that Uy € C,
Uou(((3/2)v/2]a) ")) c,,,( ) o
((3/2)4/2]a)? 3975

where e is a unit vector, and u(x) is the unique positive (radial) solution of the
singular elliptic boundary value problem

6.19) P07 (13 < 00) <

Au(x)=u’(x), x€B(0,1) and u(x)—>oo0  as|x|— I.
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Next denote by A = % Since Z(t) :=exp(AM;(1) — %fé Vs ds) is a super-
martingale (being a nonnegative local martingale),

2
E“’O’O’V<6Xp< My (1) — deS) rxfl/(48)/\T£|/2(V)}>

NV RN
= 0.0y (Z('L'3 A (4e) 1) eXp(Z /0 Vs ds) . 1{1’351/(48)AT€1/2(V)}>

(6.20)
221
4 432

el )

where optional sampling is used in the next to last line. Now insert (6.18), (6.19)
and (6.20) into (6.16) to complete the proof. [J

< exp< )EQ’O’O’V(ZO)

LEMMA 6.7. There exists a constant C > O such that
P(Tl(V) <1/(8¢) and Ty(V) > 1/(48)) < Ci.
14

PROOF. Recall that V satisfies (6.9). Applying Proposition 2.5 again, on
{T1 (V) < oo} we may define an Fr,(v)4;-adapted solution V of

Vt:1+8/ Vsds+ﬁ/ Ve dW!
0 0

where W' is an Fr,(v)4,-Brownian motion and V, > Vr,(vy++ for all t >0,
almost surely on {77 (V) < oo}. Therefore

P(T1(V) < 1/(8¢) and To(V) = 1/(4e)) < P(To(V) = 1/(8¢)).

By Exercise 11.5.3. in Perkins (2002) the last term equals

! ( —2¢ ) - 2¢
—ex .

Py =e)) =y (= 17) 0
Recall that Y is defined in (6.13).

LEMMA 6.8. There exist constants Ci,Cy > 0 such that for all fe™2 >
20,000 and 0 <& <1/4,

2
P(To(Y) > 1/(8¢)) < C) exp(—cgg’z—y).
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PROOF. Assume S, ¢ are as above and recall that p. = 1/(2 - 3%).
P(To(Y) > 1/(8¢)) < P(Y1/3¢) > 0)

_P(Bl/(8e)_f<64 pe~* — —%»

< P(B1 > J;pc \/,(,B ~2_10 000)>
< P(81 > géf NG (58‘2))-

The result follows. [

LEMMA 6.9. There exists C > 0 such that if e <min(1/2, p.8), then
1
P(T4(Y) < To(Y)) < Cexp(—g—) +eXp<—2pCé),
I4 I4

PROOF. Recall that Y satisfies
Y =24 ¢t — p.pt* + /¥ B:.
Hence if we define ¥, by
Y, =2+e¢t+/yB,
then Y; < 17;. Note also that
P(Ty(Y) < To(Y)) < P(T3(Y) < 1) + P(T3(Y) > 1, Ty(Y) < To(Y)).
We first estimate P(73(Y) < 1) as

P(T3(V)<1) = P<malx(8t +.JVB) > 1)
1<

1 _
6.21) < P(max B > 8)
<1 JY

1
< Cexp(——),
8y

provided that ¢ < 1/2, where C > 0 is some constant independent of ¢ and y.
We now work with P(T3(Y) > 1, T4(Y) < Ty(Y)). Define

Y:=Y1— pcft+ VB,
where B; = B;11 — B;. If e < p.8 and t > 1, then
Y, =Yi+e(t—1)—pp(t* = 1)+ /yBi
=Y+ @ —D[e—pBt+ D]+ /¥Bi-i
<Y1+ (= DIpeB —2pcBl+ /¥ Bi-i
=Y.
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Furthermore, since Y; < 17,, on the event {T3(?) > 1}, Y1 <3 and Ty(Y) > 1.
Therefore

P(T5(Y) > 1, T4(Y) < To(Y)) < P3 — pft + /7 B, hits 4 before 0).

The latter probability can be explicitly calculated using scale functions: if we let
x y2 2
s(x):/ exp(/ pep dz) dy = Y (exp( pC'Bx) — 1),
0 0o ¥ 2pcp Y

$G) = s(0) _ exp(Cpcp/y)-3) —1
5@4) —s0)  exp(2pcB/y) -4 —1

p
< exp<—2pc;). 0

PROOF OF PROPOSITION 6.4. The hypotheses of the above four lemmas are
satisfied under Assumption 6.2 for small enough &y and large enough ¢. The
bounds obtained in all four lemmas can also be made as small as we like, again by
taking g9 small enough and ¢ large enough. By inserting these bounds into (6.15),
we obtain Proposition 6.4. [

then

p (3 _ P;f’ -t + /¥ B, hits 4 before 0) =

6.3. Proof of extinction for the original equation. By Proposition 4.3 and
Proposition 6.1, in order to show extinction for X defined by the original equa-
tion (1.2), it suffices to show that when 6 > 0 is sufficiently small, there exists a
scaling as in Lemma 2.27 such that the parameters in the scaled equation satisfy
Assumption 6.2. This is the content of the next lemma.

LEMMA 6.10. For any fixed constants 0 < g9 < ¢, for all 0 > 0 sufficiently
small, there exist a scaling of X, as in Lemma 2.27 with K = 0, such that the
parameters in the scaled equation satisfy Assumption 6.2,

PROOF. By Lemma 2.27 we want to find positive constants a, b and ¢ such
that

a’b?
(6.22) o =ab?, e=ab, B=—— and y=ac
C
satisfy Assumption 6.2. We will only look at power functions, that is,
a=26", b=0" and c=06%,

and show that for appropriate (real) choices of x, y and z, Assumption 6.2 is satis-
fied provided that 0 is sufficiently small. We have that

o= 9x+2y’ 6 = 91+x’ B = 92x+dyfz and y = gxtz.
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Looking back at the conditions in Assumption 6.2, we see that it is sufficient that
1+x>2x+dy—z,
14+x>0, x+2y—(x+2z2) >0, (I+x)/2—(x+2) >0,
2x+dy—2)—2(1+x) <0, 22x4+dy —2) —3(14+x)—(x+2) <0,
x+z<0, 2x+dy—z—(x+2) <0,

that is,

14+z>x+dy,

x> —1, 2y >z, 1—x>2z,

dy —z<2, 2dy <3z 43,

x4z <0, x+dy <2z
There is an abundance of choices, for example, x = —3/4 and y =z = 1/2 will
do. OJ

7. A strong form of local extinction. Theorem 1.3 is a direct consequence of
Proposition 4.4 and the following result.

THEOREM 7.1. Assume that d = 2 or d = 3. If the initial mass distribution
W satisfies Assumption 1.1, then for any value of 6 the epidemic X [the solution
to the martingale problem (1.1)] dies out locally, that is, with probability one, for
every compact subset K ¢ R4,

(7.1) X{(K)=0 for large enough t.

The remainder of this section will be devoted to the proof of this theorem. Ob-
serve at the outset that it suffices to show that the property (7.1) holds when K is a
ball of radius o = 0(f) > O centered at a point with rational coordinates, because
any compact K is covered by finitely many such balls. Moreover, it suffices to
consider only balls centered at the origin, because the initial mass distribution p
can always be re-centered. Thus, our objective is to prove that the epidemic dies
outin K = B,(0).

7.1. Re-infection at large times. The proof of Theorem 7.1 will have three
parts: first, we will show that (7.1) could fail only if the ball B, (0) were re-infected
from outside the ball B3, (0) at indefinitely large times. Second, we will show (in
Section 7.2 below) that boundedness of E L (B3,(0)), by Proposition 4.1, implies
that the mean mass flux through the sphere of radius 2p is finite. Finally, we will
show (in Section 7.3) the finite total mean mass flux through the sphere of radius
20 will imply that reinfection of B,(0) from outside B3,(0) at arbitrarily large
times cannot occur.

To give precise meaning to the notions of “re-infection from outside” and “mass
flux through a boundary” we must bring in the historical process H associated
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with the spatial epidemic X. [For a rigorous development of the basic theory,
for Dawson—Watanabe processes without interaction, see Dawson and Perkins
(1991), for interactive processes including our setting, see Perkins (1995) and
for an overview of both, see Perkins (2002).] Recall that for each time ¢ the
state H, is a random measure on the space of continuous paths C ([0, 7], R?) that
projects to X; via the time-# evaluation mapping. As in the above references, for
w € C = C([0, 00), RY) we set w'(-) = w(- A 1), and identify C([0, ], RY) with
{w e C([0, 00), RY) : w = w'}.

Theorem 5.11(a) of Perkins (1995) gives a version of Dawson’s Girsanov the-
orem for historical processes. It is then easy to adapt the proof of Theorem 2.2
to see that Theorem 5.11(a) of Perkins (1995) will apply with the drift function g
there equal to 6 — Lf (wy). This gives a solution H; to a well-posed historical mar-
tingale problem so that X;(¢) = [ ¢(w;) H;(dw) is the unique solution to (1.2). It
also shows that the law of H is absolutely continuous to the law of the historical
process associated with super-Brownian motion on the filtration up to time ¢, for
each ¢ > 0.

For a fixed o > 0 let

n(w) = no(w) = inf{r > 0:w;| > 30}

be the exit time of the path w from the interior of B3, (0). At time ¢ color the path
(ws)s< red if n <t, and otherwise color it blue. This gives a decomposition,

(72)  HO)=H O+ H )= H (N {n=0)+H(N{n>1)).
Projecting via the time-# evaluation, we obtain the decomposition

X,()=XRO)+xB():=HF(w, e )+ HE(w, € ).

PROPOSITION 7.2. For each value 6 € R there exists 0 = 0(0) > 0 such that
for any initial mass distribution w satisfying Assumption 1.1, the process H® in
the red/blue decomposition (7.2) will die out with probability one.

PROOF. Arguing as in Proposition 1V.1.4 of Perkins (2002), but using histori-
cal processes, one can construct our historical epidemic process H and the histor-
ical process H for a drift-6 super-Brownian motion, X, on a common probability
space so that Hy = H( and H; < H, for all t > 0. We decompose H = "+ H®
as in (7.2), thus inducing a corresponding decomposition, X = X" + X”. Then
X7 will be the drift-0 superprocess associated with Brownian motion killed when
it exits the interior of B3, (0). Therefore if O, is Wiener measure starting at x, and
No 1s also the corresponding exit time for the Brownian path, then for ¢ > 0,

03 E(X =" [ 0t <np)dut) =l Qo < o).
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[A careful proof of this could use the appropriate version of Proposition 7.4(c) be-
low with 7, in place of 7x and H in place of H.] For ¢ > 0 sufficiently small (how
small will depend on 0), this expectation decays exponentially with ¢, by elemen-
tary estimates on the transition kernel for killed Brownian motion. [In particular,
30 > 0 must be small enough that the first eigenvalue of —A /2 with Dirichlet
boundary conditions on 9 B3, (0) is strictly greater than 6.]

It remains to show that the exponential decay of E |Y,B | implies that X7 dies
out almost surely. Let Z denote a Feller branching process with drift 6. For n € N,

the fact that the total mass process |YB| is dominated by the total mass process
without killing on 9 B3, (0) implies

P(X,] > 0) = E(Pgs([X)| > 0)) < E(Pgs (Z1 > 0))

—B
(7.4) = E|:1 —exp(w)}

1—e?

).

where Exercise 11.5.3 of Perkins (2002) is used in the next to last line. The expo-

<c@OE(X?

nential decay in the mean on the right-hand side now shows that ﬁB, and hence
the smaller H2, dies out a.s. by a Borel-Cantelli argument. [

For future reference we state a time shifted version of the above. Let T > 0,
define

(7.5) or =inf{t > T :|w,| > 30}
and for t > T set

HET ()= H,(-n{or > 1}).

PROPOSITION 7.3.  For i, 0 and 0(0) as in Proposition 7.2, the process HBT
will die out with probability one.

PROOF. One proceeds just as above but conditional on the past up to 7,
H;,t > T will be the historical process associated with a drift-8 super-Brownian
motion starting at Hy = Hr. U

Assume for the remainder of the proof that o = 0(6) > 0 is small enough that
the conclusions of Propositions 7.2 and 7.3 hold. Then for any fixed 7 > 0, all
mass in the spatial epidemic X; will eventually be descended from the mass in
X7 outside of B3, (0). This obviously implies that if local extinction (7.1) fails for
K = B,(0) then the ball B,(0) must be re-infected by mass from outside B3, (0)
at arbitrarily large times.
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7.2. Finite mass flux. We will control the re-infections of B,(0) from out-
side B3,(0) by bounding the total “mass flux” (to be made precise below) through
0 B2, (0). For any continuous path w in R4 define vg < 71 < V| < - - - to be the suc-
cessive times of passage between the spheres 0 B3,(0) and 0 B, (0) [i.e., vy is the
first hitting time of B3,(0), 71 the first hitting time of d B, (0) after vg, and so on].
Now foreach k = 1,2, ... define H} to be an associated historical process in which
historical mass frozen at time 7 is collected as 7 occurs for 73 < t. For general
superprocesses these are the historical random measures constructed by Dynkin
(1991) (Theorem 1.5) using log Laplace equations. We will follow Theorem 2.23
and Remark 2.25 of Perkins (1995) which gives a recipe for their construction
and associated stochastic analysis, using historical stochastic calculus, and does
so in a more general interactive framework which includes our spatial epidemic
processes.

C,f (R%) denotes the space of bounded continuous functions on R4 with bounded
continuous partials of order 2 or less.

PROPOSITION 7.4. For each k € N, there is a nondecreasing continuous
M(C)-valued process, H k and hence an associated random measure on [0, 00) X
C (also denoted by H), satisfying HX = 0 and the following properties:

(@) w=w", u(w) =t and so w, € IB,(0), for Hf —a.a. (t,w) as.
(b) If ¥ is a bounded measurable function on C, then with probability 1 for all
t>0,

[ ™) Ly Hidw)
_/ /lp N gory dM (5, w)

+/ fw V(5200 [0 — LY (ws)|Hs(dw) ds + HF (¥),
where M* is the orthogonal martingale measure associated with H .
() If Xk() = féfl(wfke)Hk(ds,dw) and ¢ € Cg(Rd), then with probabil-
ity 1 and for all t > 0,

[ oty Hitdw)
t
=/0 /‘p(ws)l(s>rk)dMH(s» w)

t A
+ fo / - [%"(ws) + (w6 — LY (ws))}Hs (dw)ds

+ X[ (p).
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(d) For any fixed t > 0 and bounded Borel Y :C — R, if
o0
An(t, ) = Z Loy / V(W™ ) i—1)2-n<g<iz-ny Hip—n (dw),
i=1

then A, (t, ) — Htk () in probability as n — oo. If A, also denotes the measure
on [0,00) x C associated with A, (t+, V), there is a subsequence {n;} so that
An;li0.711x¢ = H* in M([0, T1 x C) forall T > 0 a.s.

PROOF. The above result is implicit in Remark 2.25 in Perkins (1995) and
carried out for the total mass in Theorem 2.23 of the same reference. We will sketch
how the latter construction is easily extended to the measure-valued process H¥.

Let ¢ > 0 be a bounded Borel function on C and in the setting of Theorem 2.23
in Perkins (1995), set

(7.6) Ct, o, w) =Y (w*) (1> gw)-

The above setting includes our historical epidemic process with the function g on
page 9 of this reference equal to 6 — Lf (w, wy) and the integrator Z° on page 12
given by
dZ%s, w) =dM" (s, w) + 0 Hy(dw) ds — L¥ (wy) Hy(dw) ds.

Therefore for v fixed, Theorem 2.23 in Perkins (1995) implies (b) and the first
conclusion in (d) for some nondecreasing left-continuous process H,k(W) satisfy-
ing H(’)‘ (¥) = 0. To derive (c) from (b) [with ¥ (w) = ¢(wy, )], we need to show
that

t
/ (0(wr) — 9(we)) Lo Hy(dw) = /0 f (9(ws) — 9(we)) 5o dZ(s, w)

t A(O
4 /0 / 2L W) o Ho(dw) ds,

and this follows easily from the historical stochastic calculus in Chapter 2 of
Perkins (1995).

Consider next the continuity of H,k () in ¢ for ¥ > 0 bounded and Borel.
By (IV.48) of Dellacherie and Meyer (1982), it suffices to show that if 7,, | T
are bounded (F;)-stopping times, then

lim E(Hf, () — Hr(¥)) =0.
Arguing as in (2.44) of Perkins (1995), this reduces to showing
1.7 nll)rgo E(Hr (T <t <T,)=0
and

(7.8) lim E(Hi(tx =T)) =0 for each s > 0.
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We consider only (7.7) as the proof of (7.8) will then be clear. Using the weak
continuity of H, one easily sees that
limsup E(Hr, (T <t <Ty)) < E(Hr(lwr| =20, 7% <T))
(7.9) n— 00
< E(Hr(lwr| =20)1(0<71))

where we used 7 (w) > 0. Theorem III.5.1 of Perkins (2002) and our absolute
continuity of X with respect to super-Brownian motion show that

P (H;(Jw¢| = 20) > 0 for some ¢ > 0)
(7.10)
< P(X;(3B2,(0)) > 0 for some 7 > 0) =0.

This implies the right-hand side of (7.9) is zero, and so (7.7) is proved, thus giving
the continuity of H,k () for each ¢ as above.

Next we construct H* as a measure-valued process. Choose a countable deter-
mining class D of bounded continuous functions on C containing the constant 1.
For each i € D there is a subsequence {n;} so that

(7.11) sup|An; (t, ) — Htk(l//)] =0 forall T > 0 a.s.
t<T

This holds by the first part of (d), monotonicity in ¢ and the a.s. continuity of
the limit. By diagonalization we assume the same subsequence works for all
Y € D. It is then easy to check that Ap; |[0,T]Xc—w> Hk|[07T]Xc as finite measures
on [0, T] x C for all T > 0. Formally we may use Jakubowski’s theorem [Theo-
rem IL.4.1 of Perkins (2002)] and the fact that the required compact containment
condition follows easily from the modulus of continuity for the historical paths of
super-Brownian motion [Theorem III.1.3 of Perkins (2002)] and the usual abso-
lute continuity argument. Implicit in the above notation is the fact that the limiting
random measure H* is related to the processes H* (1) constructed earlier by

ftjlp(w)Hk(ds,dw) =HFy)  forallr >0as.
0

This gives the existence of the required process H* satisfying properties (b)—(d).

We have 7 (w) <1, w = w(- A 7¢), and so w; € dBy,(0) for A, (dt,dw)-as.,
and taking weak limits in n we obtain (a) except with 7z <t H k_a.s. To see that
7 =t H¥-a.s., it suffices to fix 7 > & > 0 and show H¥((r — ¢, 1] x {tr <t—¢}) =
0 a.s. This is easily derived from (b) with ¥ = 1(;, ;) and a bit of historical
stochastic calculus. [

We may repeat the above construction with minor changes for the stopping
times vy iAn place of 7 and so obtain continugus nondecreasing M (C)-valued pro-
cesses {H¥:k € N} and their projections {X k:k e N} which are M (R%)-valued
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processes supported on 0 B3, (0). We identify X k and X* with the corresponding
random measure on [0, co) x R?.

For future reference we state a truncated version of Proposition 7.4(c). For ¢ >
T > 0 define

A f .
Xk = fT / Ly er Lz <o H* (ds, dw).

PROPOSITION 7.5. If T > 0 and ¢ € CZ(R?), then with probability 1 for all
t>T,

/ (p(wt)l(Tgrk<t)Ht (dw)

t
_ /T / 17 <, <)@ (ws) dMH (s, w)

(7.12) .
A
+ (Xf = X7) (),
/ (W7 <z vy <ty Hi (dw)
=/ [ :
= (Tfrk,vk<s)(p(ws)dM (s, w)
(7.13) g

! A
+/T /I(Tfrk,vk<s)|:7(p +§0(9 - Lff)i| (ws)Hy(dw) ds
+ X7 ().

PROOF. For (7.12) start with Proposition 7.4(b) with v (w™%) =
¢@(wy )1 (T<7,), and then proceed as in the derivation of (c) above. The fact that
7 = s for H -a.a (s, w) is used to get the form of the final term. The proof of (7.13)
is similar. [

The total flux measure on [0, 00) x 0B, (0) is X* = PRt Xk, and similarly
we define XV =72, X* on [0, 00) x B3,(0). At present these measures may be
infinite.

As was already noted, our plan is to control the re-infections of B,(0) from
outside B3, (0) by bounding the total flux, | X*|, through 9 B>, (0). We next bound
this flux in L' as a consequence of Proposition 4.1 and Proposition 7.4(c) above.

Color a path w yellow at time ¢ if and only if 7 <t < v, for some k > 1,
that is, if and only if at time 7 w is engaged in an excursion from 9B,(0) to
0B3,(0). Let H,Y be the restriction of H; to the yellow paths at time ¢, that
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is, HY (A) = [14(w)[X32 1(gp <r<v) JHi (dw), and let X} be the corresponding
time-¢ projection.

PROPOSITION 7.6. E(|X?]) <ooand E(|X"|) < .

PROOF. We only prove the first conclusion as the proof of the second is simi-
lar.

By differencing the decompositions in Proposition 7.4(c) for times 7% and vg,
we see that for ¢ € Cg(Rd),

/ ‘P(wt)l(rk<t§uk) dH;(w)

t
- /O / o (Ws) L <y v AM" (5, w)
(7.14)

t A
+ /0 [1zsz (T‘O(wo +owy) (6 — LY (ws)))Hv(dw)ds

+ Xk () — XX().

Let 0 < ¢ < 1 be as above with support in the interior of B3, (0) and so that ¢y = 1

on B,(0). Then X f (po) =0and X f (po) =1X f | for all k, t. Take expectations in
the above with ¢ = ¢, and then sum over & to conclude that

E(x! ) = [ 222w+ potwols — L¥ wol ! @w) as)
+ E(X*([0, 1] x C)).
Rearrange the above, and use X tY < X; and then (1.2) to see that

E(X7([0,1] x C))
-+ ([ (128 4 e +07)) )

< (o) + E((LY, |Agol + o0 ™)).

The right-hand side remains bounded as t — oo by Proposition 4.1, and so the
result follows. [

7.3. Local extinction. Recall that n(w) = 1, (w) is the exit time of w from the
interior of B3, (0). For any path w € C, if n <t and |w;| < 29, then for some k > 1,
Tx <t < vi. That is, if you exit from the interior of B3,(0) before time ¢ and at
time ¢ are back in the interior of By, (0), then # must fall in one of the excursions
from 9B, (0) to 0B3,(0). Therefore if ¢ € C° (R%), takes values in [0, 1], has
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support in B(3,2),(0), and ¢1 =1 on B,(0), and T > 0, then forall r > T,

0
Xi(on) = [ o1 loap Hidw) + Y [ 0101z Hi(dw)
k=1
0
= XPen+ Y [ 1wl <reis Hidw)
k=1

[ee]
+3 / 01 W7 <1, <1<y Hy(dw)
k=1

=XE )+ X' T (@) + X T (g1).

We have decomposed X? according to whether or not the kth return to B2, (0)
occurs before time T or after it.

We have already shown (Proposition 7.2) that X? dies out a.s. Recall the o7
defined in (7.5). Clearly 7z < T <t < v implies or > t for Hy-a.a. w for all
t > T as. [recall (7.10)], and so by Proposition 7.3,

)A(,Y’T(wl) < /gol(w,)H,B’T(dw) =0 for large ¢ a.s. for each T > 0.

Therefore to complete the proof of Theorem 7.1 it suffices to show the following:
PROPOSITION 7.7. lim7_ 00 P(X T (¢1) > 0 for some t > T) = 0.

To prove this result, we first recall a standard method used to compute hitting
probabilities for a super-Brownian motion X with drift 0. For A > 0let U(t, x) =
U*(t, x) be the unique nonnegative solution of

U A )
(7.15) §=5Ut+9Ut—Ut /2 + Lo, Up=0,
which is bounded on [0, T'] x R4 for all T; for example, see Theorem I11.5.11(b)
in Perkins (2002). The duality for superprocesses [e.g., see Theorem I1.5.11(c) in
Perkins (2002)] implies that for all initial measures v,

Yy sy I

It follows that U*(¢, x) increases as A,f — oo to a Borel function U™ (x) > 0
satisfying

(7.16) Py (X5(¢1) > 0 for some s > 0) = 1 — exp(—v(U™)).
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Next use the fact that X propagates locally at a finite rate [see Theorem II1.1.3 of
Perkins (2002)] and dies out in small time with high probability if | Xo| is small
[recall (7.4)], to see that for & small,

N —

sup Pes, (Xs(¢1) > 0 for some s > 0) <
lx1=20

It therefore follows from (7.16) that

(7.17) sup U™ (x) =C, < o0.
|x1=2¢

PROOF OF PROPOSITION 7.7. Fix T > 0. By differencing the decompositions
in Proposition 7.5, we have for ¢ € Cg (Rd ), with probability 1 forall t > T,

/ @(wt)l(Tftk <t§vk)Ht (dw)

t
- /T / 17 <5, < uoy@ (ws) dMH (s, w)
(7.18)

! A
+‘/; /1(T<rk<s<vk)|:7(p +§0(9 - L5)1| (ws)Hy(dw) ds

+ X5~ XK@ — X7 (0).

Fix u > T. Arguing as in Proposition I1.5.7 of Perkins (2002) it is easy to ex-
tend (7.18) to time-dependent test functions on [0, u] x R4, including V (¢, x) =
U*(u — t, x); see also Theorem I1.5.11(b) of Perkins (2002) for the regularity of
the above V. One gets an additional term involving %—‘t/, and so with the above
choice of V, equation (7.15) shows that the function in the square brackets in the
second integral in (7.18) becomes

vV AV V2

X X
¥+T+0VS_LS Vs:%—)ﬂpl—Ls Vs.

Therefore for T <t < u,

fVt(wt)l(T§Ik<t§vk)Ht(dw)
t
= [ Vet <o db 5, )
! sz X
+/T /I(Tffkqka)[T —Apr — L Vs](ws)Hs(dw) ds

+/Tlfvs(x)[x’< — Xk T (ds, dx).



A PHASE TRANSITION FOR MEASURE-VALUED SIR 305

Rearrange the above and sum over k (using Proposition 7.6) to see that if X"7 =
PRty Xf’T, and then for 7 <t <u,

Y,T L orT
X, (V,)+/;AXS’ (p1)ds
Y.T v (Vi x
(7.19) =M, (V)+/ X (TS—LS Vs>ds
T

t
T _ywT
n fT / V() [XT (ds, dx) — X T (ds, dx)],

where Mty’T(V) is a continuous martingale starting at O at time 7 and satisfy-
ing (MYT(V)), = fé X‘f’T(VSZ) ds. Using Proposition 7.6 we see the last term is
continuous in ¢, and it then follows easily that each of the terms in (7.19) is contin-
uous. Now apply It6’s lemma to exp(— XY T(UA D —A fT XY T((pl)ds) and take

expectations at t = u, where V,, = Uy = 0 and note that x7r T = 0 to deduce that

E(l — exp(—)\ /Tu XZ’T(wl)ds>)
:E(fuexp< YT(UMA_I)—)\/TIXE’T((pl)ds)

f L O[XT (1, dx) — X" T (dt, dx) —L,X(x)X,Y’T(dx)dt]).

Let u, A 1 0o, and drop the last two negative terms to show that

P</T XY (1) ds >o> < E(fT /Uw(x)xf(dz,dx)>

(7.20)
< CLE(X™(IT, 00) x R?)).

Bound (7.17) on U for |x| > 2p is used in the last inequality. If we sum (7.18)

over k we may argue as in the analysis of (7.19) to see that X IY ’T(<p1) is continuous
in ¢. This and the fact that the upper bound in (7.20) approaches zero as T — oo
by Proposition 7.6 imply the required result. [

APPENDIX: PROOF OF (2.17) FOR d =2,3

The main step is to show that for any fixed ¢ > 0,

o SV <o e (xv/N9G 2 — [Xiv/N¥G2])

lim limsup  max = = a7 =0.
e=>0 N xezd//Noo? No(@2=d/2)
The result would then follow easily by using the monotonicity in ¢, the SLLN and
the local central limit theorems. Using inequality (19) in Lemma 2 of Lalley and
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Zheng (2010) one can show that
Given(y) < CiN¥1=4/24N (y/\/Neg2)  forall N and all y € Z¢,
where qN(x) = flt//bea) ps(x)ds for x € R, and b > 0 and C; = C;(b) > 0 are
both constants. Hence it suffices to show
o SN 1<eq™ (& — [X;V/N9G2] W/ N0 2)
lim limsup  max = = =
e>0 N yezd/JNoo2 N

Let h(r) =1/r when d = 3, and h(r) = log(1/r) when d = 2. Routine calcula-
tions show that there exists a constant C, > 0 such that for all 0 # |x| small and
for all N sufficiently large,

(A1 1/Cah(1x]) < g™ (x) < Ca(h(1x]) AR(N ™).

It follows that there exists C3 > 0 such that for all £ > 0 small enough, for all N
large enough, for all |z| < 2e,

(A.2) gV () <CigN(v)  forall jv—z| <1/VN%2.
Combining this with bound (2.22), we see that it suffices to show

0.

lim limsup sup QY (x) =0,
e—0

(A3) oo
Ny o S zeqN (- X)
where Q,' (x) := NG .
Next, foreach j =1,...,[N%|u|], let
. [N¥|pl]
ON(H=N"" Y 1x—x,=h(IXi — X;|) AR(N~¥/).
i=1,ij

LEMMA A.1. There is a C4 so that for all ¢ small enough and all N large
enough,

sup 0V (x) < C [ ma QN(')+h(N_“/2)]
u X X _— .
xeﬂi’d e =4 Neun 22 N«

PROOF. The upper bound in (A.1) shows that for ¢ small enough and N large
enough (which is assumed in the rest of this proof),

[N¥Ipl]
OF (1) <CoNT* 37 Leoxyj<eh(lx = Xil) AR(NT).
i=1
Fix x € R? and choose j € {l,...,[N%u|l} so that IX; — x| =
ming <;<(ve|u)) | X; — x|. Then

| Xi — X1 <1X; — x|+ |x — X <2|X; — x|,
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and so [x — X;| < ¢ implies |X; — X ;| < 2¢, and therefore,

0. (x)
(A.4)
[N¥|pl]

<CN™ 3 xxi=ae[h(1Xi = X;1/2) AR(NT2)].
i=1

We may assume ¢ < 1/4. It follows that in the above summation 2 (| X; — X ;|/2) <
2h(]X; — X |) for d =2 and this is obvious for d = 3. Therefore by (A.4),

h(N_“/z)]

0¥ ) =263 0N+ *

where we have separated out the i = j term in the summation on the right-hand
side of (A.4). The result follows with C4 = 2C» upon taking the max over j on the
right. O

Therefore to show (A.3), it suffices to establish

A5 lim i ON(j) =0.
(A>) £20 lmzvsuPlgj?[?v)imu Qs (1)

Let Cy fa(r) denote the function arising on the right-hand side of (2.20). Let
rn =27", and define

Mn,j =#{i 75]'1|X,' - Xj| < I’n}.
If Ky =[N*|u|]—1and
pa(x) = P(|X1 — x| <rp) < Cfa(rn)

[by (2.20)], then conditional on X ;, M, ; is binomial(Ky, p,(X;)). Therefore
a square function inequality for martingales [see Theorem 21.1 in Burkholder
(1973)] implies that for any g > O there is a Cé so that

E(|Myj — Knpn(Xj)|"1X;)
(A.6) < CL((Knpn(X ) (1= pa(X))*? +1)
< Cy (N2 f(r)?? +1).
Choose ng so that r,; < N —a/2 o Tng—1, and define A y to be the complement of
no

U, max 1M = KnpaX)| > N fatrn) |
n=1 "~
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Use (A.6) and Markov’s inequality, and then f;(r)~' < c(log(1/r))3r~! for
r € (0, 1/2] to see that
no
P(AY) <D Nl - N9 fa(r) ™4 (N2 fa(r)?" + 1)

n=l1

no
< eN*=D N (N2 fy(r) ™2 + fa(rn) ™)

n=1

no
< eNYA=0 S (N2 2 (log(1/1,)) " + 79 (log(1/r)) ).
n=1

Recalling the choice of ny we can bound the above by
cNeU=) (log(l/rno))3q (N‘XQ/22”OQ/2 + 2"04)
< CNa(l—q)(log N)Sq (N3aq/4 + Naq/Z)
< CNOt(l—(fI/4))(1Og N)361.

So choose ¢ large enough so that (1 — (¢/4)) < —2 to conclude that for all N
large enough,

(A.7) P(A§) <CN™2.
Now for % > ¢ > N~%2 choose nyef2,...,np)sothat 27" < g < 2l=n1 Op
Ay, for 1 < j <[N%|u|] we have [use h(r) fu(r) =C, log(1/r)~2]
R [N¥[pul]
OF(N=N"" 3 Lxi—xj=e(h(IXi = X)) AR(NT*2))
i=1,ij
1
My, \J —a 2 "
- C( e BN+ >
n=n;—1
Kn —o/2 —a/2
< ¢| o ProXDRNTZ) + fa(rag)h(N~7)
no—1
(A.8) + Z ( pn(X; )h(rn)-l-fd(rn)h(rn)))
n=nj1—1

no—1
SC(fd(i’no)h(rno)+ > fd(rn)h(rn))

n=ni—1

ng
<c Yy (logl/ry)~

n=n;—1

<eny! <c(logl/e)™!
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By (A.7), the Borel-Cantelli lemma and (A.8), we conclude that with probability 1
for all N large enough, we have

max  ON(j) <c(ogl/e)™!  for N"¥?<g<1)2.
1<j<[N¥|l]

This implies (A.5), and we are done.

Acknowledgments. We are grateful to the Associate Editor and referee for
their very careful reading of the paper and constructive suggestions.
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